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An asymptotic maximum principle
for essentially linear evolution models

Abstract. Recent work on mutation-selection models has revealed timater specific
assumptions on the fitness function and the mutation rasgsptotic estimates for the
leading eigenvalue of the mutation-reproduction matrix/rha obtained through a low-
dimensional maximum principle in the limi{ — oo (whereN is the number of types). In
order to extend this variational principle to a larger clals®iodels, we consider here a fam-
ily of reversible N x N matrices and identify conditions under which the high-disienal
Rayleigh-Ritz variational problem may be reduced to a lameahsional one that yields the
leading eigenvalue up to an error term of ordi¢/V. For a large class of mutation-selection
models, this implies estimates for the mean fitness, as wall@ncentration result for the
ancestral distribution of types.

1. Introduction

Many systems of population biology or reaction kinetics rbaycast into a form

where individuals (or particles) of different types repunod and change type in-
dependently of each other in continuous time. If the typeaaefrom a finite set

S and the population is so large that random fluctuations mayebéected, one is
led to a linear system of differential equations of the form

y=yH (2)

with initial conditiony(0). Here,y = (yi)ies € R‘;(‘) holds the abundance of the
various typesH = (H;;) jes is an|S|x|S| matrix, which represents a linear oper-
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ator onR!5!. The main application we have in mind here is in populatiomegies,
where types are alleles, so that Equatidn (1) is a haploigtiont:reproduction
model; but one may also think of a compartment model, whevesyre locations
of a certain chemical. Important examples of the analog@eete-time dynam-
ics include models of age-structured populations, whighddten referred to as
matrix population models, see Caswell's monograph [13linka with large parts
of the population genetics, and most of the stochastiesalitire, we will use the
convention thay is a row vector to which{ is applied from the right, so thdf;;

(7 # 7) is the coefficient for the change froito ;.

We will assume throughout that the linear operatbrgenerates a positive
semigroup{exp(tH) | t > 0}. SincesS is finite, this is equivalent tdZ;; > 0
for i # j. The flow so generated Ieavﬁfg invariant. We will further assume
that H is irreducible (i.e., ifG(H) is the directed graph with an edge frano j
if i« # j andH;; > 0, then there is a directed path from any vertex to any other
vertex).

We will often use the decomposition

H=M+R )

into a Markov generatof/ and a diagonal matri. More precisely, we have
M = (Mij)i,jes with Mij = Hij for % 75 7 M;; = _ZjGS\{i} Mij (SO
thathGSMij = 0), andR = dlag{Rz | 1 € S} with R, .= H;; — M;;.
Clearly, the decomposition iftl(2) is unique, ahflis irreducible iff H is, because
G(M) = G(H). M;; is the rate at which as-individual producesj-offspring
(s # 1), andR; is the net rate at which individuals of typeeproduce themselves;
this may also include death terms and thus be negative.

Solutions of [l) cannot vanish altogether (unlgé8) = 0), since t(H) is
finite, hencelet (exp(tH)) = exp(ttr(H)) > 0 and kel exp(tH)) = {0}, for
allt > 0. Therefore, we may also consider the corresponding nozethéquation
for the proportiong; := yi/(zjes y;), which is often more relevant. Clearly,

pi = ijMji + (Ri — ZRij)pi- 3)

JjES JES

In the population genetics context, this is the mutatidect®n equation for a
haploid population, or a diploid one without dominance;dacomprehensive re-
view of this class of models, s€e10]. It is well known, andyet verify, that the

way back from[(B) to[{ll) is achieved through the transfororaf#€]

y(t) == p(t) exp ( > R /Otpj (T)dT) :

JjES

This substitution can thus be viewed as a global lineadpatiansformation and
explains why[(B) is an ‘essentially linear’ equation. Intfd€q. [3) appears in a
variety of contexts. In particular, its discrete-time teda may be used to describe
the dynamics of the age structure of a population, compdlegh. 4]. Due to its
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frequent appearance, a better understanding oflEq. (3}sedlutions is the main
motivation for the present work.
Clearly, the solution of{3) is obtained from that BF (1) thgth normalization:

__y@®)
Ei vi(t)

Of course, proportions of types in a population that growthauit restriction
(which is biologically reasonable only over short time ssaldo not represent
the only way in which[[B) may arise. Actually, the same edqurafor p results if
@) is replaced by

y(t) = y(0) exp(tH), p(t)

y=y(H—-~(),

wherey(t) is some scalar (possibly nonlinear) function which desxithe elimi-
nation of individuals by population regulation. This is ats from the invariance
of @) underR; — R; + ~(t) if performed simultaneously for ail The func-
tion~(t) may, for example, describe an additional death term caugetbivding,
which may depend onthroughy, but acts on all types in the same way.

Eqg. 3) may be read in two ways (cE._28]). If mutation and ghrction go
on independently of each other, the parallel (or decoupledion is adequate.
Here, evenyi-individual gives birth to offspring of its own type at raf&, dies at
rate D;, and mutates tg at rateM;; (j # i). ThenR,; := B; — D, is the net
reproduction rate or Malthusian fitne§s]15, Ch. 5.3], and @y is immediate.
If, however, mutation is a side effect of reproduction (thgh copying errors of
the replication process, for example), the coupled verisiomore relevan{]L,25].
When ani-individual reproduces (which it does, as before, at iatewhile it dies
atrateD;), the offspring is of type with probability V;; (Zj Vij = 1). Thisleads

° Pi = (ijBjVji) - (Di + Z ijj)pi7 (4)
jES jeS

where, againR; = B; — D;. Butif we setM;; := B;(V;; —d;;), we arrive again at
Eqg. (3). In both casegj R;p; is the mean fitness of the population. Obviously, a
mixture of both the parallel and the coupled mutation metsmas can be tackled
in a similar way. Furthermore, the decoupled model ariseb@sveak-selection
weak-mutation limit of the coupled onE’28], or of the copesding model in
discrete timel[10, p. 98].

The model[(%) also arises in the infinite population limit bé twell-known
Moran model with selection and mutation, se€ [19, Ch. 3[@F fiL 126]. Thisis a
stochastianodel where, in a population af individuals, every individual of type
i reproduces at ratB;, and the offspring, which is of typgwith probability V;;,
replaces a randomly chosen individual in the populatiosggmy its own parent).
To describe the entire population, 18t(¢) be the random variable that gives the
number ofi-individuals at timet, and Z(t) = (Zi(t)), . Hence, ifZ(t) = =,
andj # k, we can have transitions fromto z + e; — ex, wheree; denotes the
unit vector corresponding tp Such a transition occurs at ré{€; B;V;; z;z, /m.

Let us look at the influence of increasing, whence we writeZ ™) (t) to indi-
cate dependence on system sizemfAs— oo, the sequence of random processes
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Z™)(t) /m converges pointwise almost surely, and even uniformly f@rg fi-
nite interval[0, t], to the solution of the differential equatiod (4) wifh; = 0,
and initial conditionZ (™) (0) /m, (resp. its limit asn — o), compare[[18, Thm.
11.2.1].

The linear equatior]1) has a more direct stochastic inkéafion in terms of
a continuous-time multitype branching process. After googential waiting time
with expectationr;, an individual of typei produces a random offspring with a
finite expectation ob;; children of typej (we will not specify the distribution
explicitly since we will not fully develop the stochasticchire here). The matrix
H with H;; = (b;; — d;5)/7 then is the generator of the first-moment matrix. That
is, if Z;(t) is again the (random) number of individuals of typat timet, andE’
the associated expectation in a population started by #esingdividual at time
0, then

E(Z,(1)) = (exp(tH)),,. (5)

Furthermore, with the identification (t) = E(Z;(t)), Equation[lL) then simply is
the forward equation for the expectations. ($Sée [2[or [82ilie general context of
multitype branching processes, aidl[26] for the applicatiomutation-selection
models.)

Important first questions concern the asymptotic propedie¢he systems dis-
cussed. A key to these properties is the leading eigenvalue, of H (i.e., the
real eigenvalue exceeding the real parts of all other eggjees). If, on short time
scales, unrestricted growth accordinglfb (1) is relevdr@nf\,,... is the asymp-
totic growth rate of the population (and is related to thencaof ultimate sur-
vival). The stationary distribution of types ifll (3) is givey the left eigenvector
of H corresponding to\,,... We will call it the present distributiorof types, as
opposed to the (less well-known, but equally importanestral distributiorthat
is obtained by picking individuals from the present disitibn and following their
ancestry backward in time until a new stationary state istred. This ancestral
distribution is given by the elementwise product of the &aftl right eigenvectors
of H corresponding to\,,.x, with proper normalizatior{[28,30]. The knowledge
of Amax iS @ prerequisite for the calculation of these eigenvectottte population
genetics context, the present distribution is often refitto as mutation-selection
balance, with\,,.x as the mean fitness. Finally, and perhaps most importantly,
the dependence of,,., on certain model parameters is of great interest. For ex-
ample, a lot of research has been directed towards the gnedthow the mean
fithess changes when the mutation rate increases (i.e., ihsnvaried by some
nonnegative scalar factor), and interesting effects haen lmbserved, for exam-
ple so-called error thresholds. They may be defined as nalyt&al changes of
Amax that occur when the mutation rate surpasses a critical yalamalogy with
a phase transition in physics. This is accompanied by a disamus change in
the ancestral distribution, as well as pronounced chamgégipresent distribution
of types; se€[110, Ch. Ill] andT17] for general reviews,| [2@] recent results and
a classification of the various threshold phenomena thatonayr, and[[24] for a
recent application to the evolution of regulatory DNA mstif



Asymptotic maximum principle 5

In general, exact expressions for eigenvalues are hardténab | S| is large
but fixed. In recent work on mutation-selection models, hawescalar or low-
dimensional maximum principles for the leading eigenvdlaee been identified
for certain examples in a suitable continuous limif8s— oo, see[[2Z8,21]. It is
the purpose of this paper to generalize these results t@a tass of operators.
We will do so under the general assumption that the Markowegegaor M is re-
versible, which means that the equilibrium flux from state state; is the same
as that fromy to 7. This entails that the mutation process is the same in thesial
and backward direction of time, and covers many of the fratjyeised models
in classical population genetics, for example, the hodseaods model, and the
random-walk mutation model with Gaussian mutant distitbu{see [ID, Ch. 3]
for its definition, [42] for the reversibility aspect, and @ra general class of re-
versible random-walk mutation models). Also, practicallymodels of nucleotide
evolution that are in use in molecular population genetiks,the Jukes-Cantor,
Kimura, Felsenstein, and HKY models, df. [44] 6r][20, Ch. 1&e reversible.
This property is particularly important in phylogenetiéarence, where one relies
on looking back from the present into the past.

The paper is organized as follows. In Seciidn 2, we will aghly Rayleigh-
Ritz maximum principle to our class of matrices. This leaxa high-dimensional
problem, which is hard to solve in practice. An example of hbe/problem may
be reduced to a scalar one is given in Seclibn 3. The maintsestg presented
in Section[#. Here, we identify fairly general conditionsden which the high-
dimensional problem may be reduced to a low-dimensionaatianal problem
that yields the leading eigenvalue up to an error term of oidéy, in the limit
N = |S] — oo. Sectiondb anfl6 are devoted to the lumping procedure. They
show that a large class of models on a type sgheeses, in a natural way, from
models defined on a ‘larger’ spa€e by combining several types @ into a single
oneinS. The general framework is set out in Seclibn 5, and in SeBjove apply
it to the important case whe is the space of all sequences of fixed length over a
given alphabet. Sectifh 7 makes the connection back to tkimen principle and
shows how the lumping procedure may lead to ‘effective’ ni@@en.S) to which
our asymptotic results may then be applied. The Hopfields&rianction, along
with sequence space mutation, emerges as an example.dm 8etve summarize
our findings and discuss them informally, and in a more biclgcontext.

2. Thegeneral maximum principle for reversible generators

Let us first fix our assumptions and notation. Since we asstfte be an irre-
ducible Markov generator, Perron-Frobenius theory,[ct, [8ppendix], tells us
that it has a leading eigenvalQevhich exceeds the real parts of all other eigenval-
ues, and an associated strictly positive left eigenveetdihis will be normalized
s.t.),m = 1; then,n is the stationary distribution of the Markov semigroup
generated by/.

We will assume thad/ is reversible, i.e.,

WiMij = 7Tij' (6)
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for all + andj, which also entailsr; H;; = 7;H;; sinceR is diagonal. Likewise,
due to irreducibility, the leading eigenvaluk,,.., of H is simple; we will en-
counter the corresponding eigenvectors in due course.

Let us note in passing that, due to reversibility combinethwireducibility,
the equilibrium distributionr of M is available explicitly as followd[34, p. 35].
Let (vi,v2,...,vg)) be the vertices of the directed gragh{M) (with (v;,v;)
a directed edge iff\/;; > 0). Sincer; > 0 forall i € S, (vj,v;) is an edge iff
(vi,v;) is, as a consequence bf (6). Now, 8et= 1 and consider ang < ¢ < |S].

By irreducibility, there is a directed path along = vg,, vk,s..., 0, = Vg,
which also exists as a path in reverse direction. If we now set
m
N My, k,
Ty = — ) (7)
jljl Mi; ks

m = 7i/(3_;cs 7;) is the stationary probability distribution of the Markovrge
erator M. This reflects the path independence of reversible Markainsh[34,
p. 35]: For any path with an arbitrary number+ 1 of vertices(ko, k1, . . ., km)
in our graphG(M), the produc{[7", (My, , k,/Mx,;_,) only depends on the
initial and final verticesk, andk,,,, not on the path connecting them. Note that, if
G (M) admits a Hamiltonian path, the calculationlh (7) can behrisimplified
by following such a path edge by edge.

It is well-known that reversibility has important consequoes for eigenvalues
and eigenvectors of a Markov generator. An excellent exjposior the closely-
related discrete-time case is Chapter 2.1[0f [8]. Followtmgse lines, we now
define, fori # 7,

1
Fij = /mi Mi; N = Fji, 8
j

where the symmetry follows from the reversibility 8f. Clearly, F;; > 0 and
Fij = (F;; Fj)'Y/? = (M;; M;;)'/2. As a consequence, the matrix

H:=1'?HI—'/? (9)

with IT := diag{; | i € S} has off-diagonal entrie;;, is symmetric and has real
spectrum identical to that aff, with correspondingly transformed eigenvectors.
We now decomposél in the same way as we did witH in @), namely into a
Markov generatof” plus a diagonal matrixs. To this end, letF' = (F};)i jes
with F;; as in [B) for: # j, and complete this by;; := — Zjes\{i} Fj;. With

Ei:=R;+ M;; — Fii = R; + Z (2¢/Mij My — (Mij + Mj;)),
JES
i>i
one now had;; = F;; + E;é;; foralli,j € S, i.e.,
H=F+E (10)

with F' a Markov generator anfl = diag{E; | i € S}.
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This now allows us to formulate a suitable variant of the Remfi-Ritz (or
Courant-Fisher) maximum principle for the leading eigéneaf [/, comparel[411,
Thm. 19.4]. Clearly,

/\max = sup Z viHijvj

. 2_
Vi pes Vg =1 i,JES

= sup ( Z vi v + Z Ekvz) , (11)

viYesvi=1 V4 jeg keS

where we have used the decomposit[on (10) in the second\stégthat the supre-
mum is, indeed, assumed, since the space of probabilityuresens is com-
pact. The maximizer, i.e., the normalized principal eigater of H, is unique
and strictly positive (since the same holds for the corredpw eigenvector of
H), so that the above may also be read ad.&variant through the substitution
Vi = UZ-Z.

Note that, sincd” is a Markov generator, the quadratic fo@m.es v Fijv;
is negative semidefinite with maximufh which is assumed for the stationary
distribution of ' (sincel" is symmetric and irreducible, this is the equidistribution
and unique). We thus have a simple upper bound,Qf.:

Amax < sup Z Ekvi = max By, (12)
VY esvi=l peg N

while we can obtain a lower bound for any> 0 with 3", v7 = 1 via

Z viﬂjvj + Z Ekvz < Amax - (13)
i,jES keS

Even though each step of the above derivation is elemeritagyvorthwhile
to summarize the findings as follows.

Proposition 1. Let.S be a finite set, and Ie/ be an|S|x|S|-matrix with decompo-
sition H = M + R into an irreducible and reversible Markov generatbf and a
diagonal matrixR. If 7 is the stationary distribution ai/, H can be symmetrized
to H = ITV?2HIT~'/? with IT = diag{m; | i € S}. The matrices? and H are
isospectral, and their leading eigenvalug,.. is given by the maximum princi-
ple @). Furthermore, simple upper and lower bounds fqt,. are provided by

Eqns.[3@) and [@3). O

It is our aim to identify conditions under which the ineqtyalfId) becomes an
equality, at least asymptotically 8$| — .

As a first step, consider the maximizer bf11), i.e., the @pal eigenvector
w of H, normalized viay_, s w? = 1. SinceH is a symmetric matrix, we have

wH = Apaxw and, simultaneouslyw” = Ayacw” . Hence,
ZT = cznfl/QwT and h:= Cth1/2 (14)

are the principal right and left eigenvectorsféf= 17-1/2H I1'/2. We will adjust
the constants,, andc. s.t.) . h; = >, hiz; = 1; clearly, this implies:, - ¢, = 1.
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The vectorh gives the stationary distribution of types in Equatidn @)rther-
more, it is well-known that, for irreducibl& andt — oo, the matrixexp(t(H —
Amax1)) becomes a projector ontg with matrix elements;h; (compare[[31L,
Appendix]). Therefore,

lim 2jes (exp (tH))ij _ Djes zihy
=00 > 1 ves Ik (exp (tH)) Kt > res he

with @) in mind, z; may therefore be understood as the asymptotic offspring ex-
pectation of ani individual, relative to the mean offspring expectation nfeaui-
librium population. IfR = C'1 for some constan®’, we havez; = 1, in line with
the fact thatd — C'1 is then a Markov generator.
From [13), along with the normalization Afandz, the relations
h; = L and wf = h;z; (16)
ZjGS Tjzj

are obvious. In particular, with
a; == w? =hiz; >0, a7

we obtain the correspondirg -maximizer of [11).
To arrive at another interpretation @f consider the Markov generat@rwith
elements

Qij = Zl_l(Hl — /\max5ij)zj . (18)

It is easily confirmed tha®) is indeed a Markov generator (i.€);; > 0 for ¢ # j,
andzj Qi; = 0). Using [I8) and reversibility, one observes tfiamay also be
written as

Qij = b '(Hji — Amax0i)hj - (19)

In this form,(Q is the generator of the backward process on the stationstry-di
bution as described i]B0, Corollary 1] for general mufigybranching processes,
and used in[[26] in the context of mutation-selection modetmsely speaking,
Q describes the Markov chain which results from picking indlisals randomly
from the stationary distributioh and following their lines of descent backward in
time. Eq. [IB) is the corresponding forward version as usd@d] and [23]. It is
immediately verified thaf) has principal left eigenvector (i.e., stationary distribu
tion) a. This is known as thancestral distributiorof types (as mentioned in the
Introduction); its properties are analyzedlinl[23]. Let umnarize this as follows.

Proposition 2. Let the assumptions be as in PropositibnThen, the principal
eigenvectom of H gives the principal left and right eigenvectors@fand their
mutual relations through EqngI4) and {@). The L-maximizera = (a;);cs of
(@) admits the interpretation of an ancestral distribution &g stationary state
of the backward Markov generatap of (I8)and ([I3). O
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3. A scalar maximum principle: An example

The maximum principle[11) is not very useful in practice|$f is large but
fixed, since maximization is then over a large spacé. Th [@,high-dimensional
maximization could be reduced to a scalar one for speciates®fM and R.
We will re-derive this result here in a simplified way, whiclillvalso serve as
an introduction to the more general methods and results weaianing at. Let
S =1{0,1,..., N} with the following mutation scheme:

uy v vl vk,
— |1 = |2 — N-1| ¢ N
—_— — . T . _ —

Uy Uy Yitr Un

Suppressing the (relevant!) dependencé\oim the notation, we then have
M1 =Ut, M;1=U" (20)

fori € S, where we selUy; = U, = 0. This is a variant of the so-called single-
step mutation model of population genetics[10, Ch. Illldgémerges if sequences
of sites (nuceotide sites or loci) are considered, and yfpe'tis identified with the
number of sites at which the sequence differs from a givesreaice sequence or
wildtype; see[[4B] for a recent application. If fitness is adtion of this number
only, and if mutations occur independently of each otherantinuous time, we
are in the setting of the single-step mutation model.
Hence, for all € S, we have

Fiiv1 = (Miig1Mi13)"? = (UF UL )Y? = Frya (21)

with the obvious meaning far = 0 and: = N also, F;; := 0 whenever either
iorjisnotinsS, orif|i —j| > 1. In order to evaluate the lower bound [D]13),
let N be large,l < L < N, and/ € S. We will use the simple test function
v:= (vg,11,...,vyN) defined through

oo ag (e -L LS
Vi, ie((+[-L,L)NS

with [-L,L] := {-L,—L+1,...,L —1, L}, and the constant, chosen so that
>, vi = 1. Thatis,v is a normalized step function arouridwhich does not
extend beyond or N. If £ + [-L,L] C S, one always has, = 1/(2L + 1); a
short calculation shows that, in any case,

! gcggLa
2L +1 L+1

due toL < N. With v, = v?, the quadratic form if{J11) anf{13) reduces to

Y wiFvi=c Y Fij = —c)(Fe—r0—1—1+ Fotre4041)
i,jeS i,jel+[—L,L]
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due to the tridiagonal nature of the Markov generdtoSince

1
—(Fy_ - F < Fii = E'::Fmaxa
2( =L —L—1+ Foirn i4n41) max Fiip1 = max 1y
one has oF
‘Z viii| < 0T (22)
i,jES

On the other hand, the second term[nl (11) redsgd. (13) (to bedctie ‘diagonal
part’ in what follows) becomes

L+L

S Bt =c Y (R-UP-U +\JUTUL +JUTUE ), (@9)

€S i=0—L

whereU= := 0 is implied whenevert ¢ S.
Employing Landau'€)-notation [9, Ch. 1], we now assume that

UE =u*(z;)+ O(1/N) and R; =r(z;) + O(1/N) (24)

2

with continuous functions.™, »—, andr on [0,1], and the new ‘type variable’
x; = i/N; itis further implied that the constant in tkf&(1/N) bound is uniform
for all i. (Eq. [23) differs from the scaling i [26] by a global factfr vV, which
means nothing but a change of the time scale.)

Defineg(z) := u™ (x) + u~ (x) — 2y/ut(z)u=(z), letz* be a point at which
r(z) — g(z) assumes its supremum, and choése= | Nz*|. With an appro-
priate scaling ofL (such asL ~ /N, to be specific), the right-hand side of
@) is O(1/+/N). In Z3), the sum ha®)(v/N) terms, which is balanced by
¢, = O(1/V/N); together with [2W), this turns the right-hand side [&fl (28pi
r(z*) — g(z*) + O(1/N). At the same time, the upper boundlinl(12) also behaves
like r(z*) — g(z*) + O(1/N). Thus, the right-hand side di{R2) contributes the
largest error term, so that we obtain the asymptotic maximptintiple

/\max = sup (T(I) - g(ZC)) (25)
x€(0,1
uptoO(1/v/N), asN — .

Finally, recall from SectioRl2 that, for finit¥", the maximizer of[(TI1) is unique
and given by the ancestral distributian= (h;z;);cs. However, in the limit as
N — o0, uniqueness may be lost, which is also reflected by the fattttte
supremum in[[A5) may be assumed at more than one point. kkse tlegenerate
situations where error thresholds may oc€ui [26].

Remark 1The maximum principle[{35) also holds for functionandu* with a
finite number of jumpdI26]. This can be dealt with in the catfegamework with
slightly more effort, but we avoid this here to keep the exlEngis transparent as
possible.

Remark 2With a more careful choice for the scaling bf one gets the quadratic
form (defined by the matri¥”) down to O(1/N*~¢) for arbitrarye > 0, but
O(1/N) is only obtained with the help of better (smooth) test fumrsi. This will
now be done.
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4. An asymptotic maximum principle: the general case

The maximum principle allows for an asymptotic estimatidithe leading eigen-
value when the Markov generatét can be considered as ‘small’ in a suitable
sense, in comparison to the derived effective ‘diagonat aa defined by. Be-
fore stating precise conditions and results, let us briafigubs the heuristics be-
hind this. Due to the symmetry @, we can rewrite Eq[{11) as

Amax = sup ( - % Z Fij(vi —vj)* + Z Ekv,%) ) (26)

. 2__
vy pes vi=1 i,j€S keS

Thus, it is obvious that thé'-term favours constant while the diagonalF-part
favourswv that are concentrated on the poitsvhere E;, is maximal. Clearly,
the outcome of this competition depends on some conceariratid smoothness
properties of the matrices involved.

For simplicity, let us now assume that our $etonsists of integers or, more
generally,d-tuples of integers. S&§ C Z%, with |S| < oco. (It will become ap-
parent later that this is not the most general choice passihit a relevant and
convenient one, with obvious extensions.) We will now loodrenclosely into the
situation wheresS| ' co. Consider a family of sets

S=S(N), Scz sothat |S|~N? asN — oo, (27)

where we suppress once again the dependenSeonf N. A reasonable setup is
then obtained if; - S C D, whereD is a compact domain iR?, & - S becomes
dense inD for N — oo, and there exist function® and f;, from CZ(D,R) (i.e.,
twice continuously differentiable with bounded secondwdgives) with

5= 5(3) +o(3) @
and

Fo= () +o() @)
wherek = j — 4, and the constant in th@(1/N) bound is uniform for ali and;.
More generally, one can repla¢¥1/N) in 8) andl[2ZP) byD(1/5(V)) for some
functionn (V) that grows withV, if that better suits the individual situation. (Note
that our notation is slightly abusive in that denotes both the matrix defined by
(@0), and the function approximating its elements; howghermeaning is always
obvious from the context.)

Our main result will be the following theorem. F&f ¢ Z<, we will use
throughout the shorthand notatiéh—i := {j — ¢ | j € S}.

Theorem 1. Assume thak; and F;; are as in EqnsZd) and (29). Assume further
that theC? (D, R) function £ assumes its absolute maximuniiin(D), and that
f satisfies

> ()i < (30)

keS—i



12 Baake et al.

for some constar@, uniformly for alli € S, and 1 < ¢, m < d. Then, there exist
constants) < ¢/, C” < oo such that

(31)

wherez* is a point whereF/(x) assumes its maximum.

Remark 31t will become clear when we proceed that the condition ordiéva-
tives of E(z) and thef,(x) may be relaxed; it is indeed sufficient that these func-
tions be continuous arldcally C?, in a neighbourhood of*.

Note that the upper bound is clear in view of Eqiis] (28) &nil (fzall that
the quadratic form defined bl is negative semidefinite); it can be made sharper
if the order of the approximation ilL{P8) arld129) is improvkdemains to prove
the lower bound (which cannot be improved by sharpening?2tie/ N) in @8)
and [29)). We will do so by evaluating the quadratic form[i8)(for a sequence
of test functions of Gaussian type centred aroufidn the interior of D (and
approaching a Dirac measure located:atwith increasingNV). Specifically, we
will use throughout

vi = ce NN with e = (V) st Y P =1, (32)
icS
wherea > 0 is a positive real number independent'of
We will first consider the diagonal part and show

Proposition 3. Let E; be as in28), and letz* be a point in the interior oD where
E(x) assumes its maximum. Let thebe as in Eq@3). Then,

1
22— * _
ZElvl E(x )—i—O(N).
€S
The upper bound in the proposition being immediate, we orlydnto prove
the lower bound. We will use the following

Lemmal. Letg: R? — R, be a non-negative, continuous, integrable function
with g(z) < C/(14|x|)¥*e for all z, and (fixed) positive constantsande. Then,
for anyz* € R,

nlirrgo % Z g(% - nx*) = /Rd g(x)dx. (33)
€24

Proof. Note first that the sum i {B3) exists for arbitrary, but fixedlue to the

assumed decay condition fgr Let b,, := Xzzl(—l/Qn, 1/2n]. Then, one has

R? = J,cz4(i/n +by), and, for allz, there is a (unique) elemeniof Z¢ /n with

x € (v + by); this will be calledy,, (x). We now define

gr(x)==sup  g(z), gy(x):= _ inf g(z).  (34)
Ze(')’n(w)‘i‘bn) Ze(')’n(m)‘i‘bn)
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Since integration oveR? is invariant under a shift of argument, apgl are step
functions, we have

/Rdgﬁ(ff)df:/wgg(»f—nx*)dx: id Zgg(i/n—nx*)

n
i€Z4
1 ) N 1 . N
< =3 2 glifn—na®) < =3 3" gi(i/n—na®) (35)
i€Z4 €24

:/ g;f(a:—nx*)d:c:/ g (z)dz.
Rd Rd

Both g,/ andg, converge tog pointwise (sincey is continuous). Furthermore,
g:X(x) are both bounded from above due to the properties of the asbuna-
jorizing function, and hencd,, g, (z) dz and [,, g, (x) dz both converge to
fRd g(z)dz asn — oo by the dominated convergence theorem. But then, the
same must be true of the sum [n}35), which proves the assertio O

Corallary 1. For any non-negative integér, and anya > 0

i k
lim NF=d)/2 b gr| emeNli/N=a® |x|ke*0“””‘2 dz. (36)
Nmee iezz:d N R
Proof. Use Lemmd&ll with = /N andg(z) = |z[Fe—2l=l", 0
Lemma 2. ForanyA C Z4,§ > 0 andk € N,
. X ‘ )
N(k—d)/Q Z ’% _ e—2o¢N\z/N—m 1> _ O(e—aN62) ) (37)
icA
li/N—a* |25
Proof. Just note that
Nk—d)/2 Z % o k€72aN|i/N7x*\2
icA
li/N—2* |6
—aN§? ar(k—d)/2 L o k —aN|i/N—z*|?
<e N Z N % e (38)
A
and apply Corollar{l to the last expression to get the desert O

Corollary 2. Corollary[ holds true withZ< replaced byS(N) of @3).

Proof. Sincez* € int(D), we may choose & > 0 so thatZ?\ S(N) C {i € Z¢:
i/N —z*| > 6}. Then, the difference in the sum [EI36)X%c~>~?"), according
to Lemmd®, withA = S(V). O
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Proof (of PropositioliB)Since we may write

ko, 1 N(k*d)/2|i/N_x*|k872aN\i/Nfz*|2
Vs

i T Nk/2 Nd/2 Y es e—2aNi/N—z*]2 ’
Lemmd2 and Corollaid2 entail that, for> 0,

— -2

k

> |- = o) (39)
_ N
i€S(N)
|i/N—z*|>5
and , i )
7 * 2
3 ’N—x v _o(—Nk/Q). (40)
i€S(N)
[i/N—a™|<6

So far, we have only used that is in int(D). Butz* is also a point wheré(x)
assumes its maximum, at#{ ) is twice differentiable in a neighbourhood.of.
Hence, there exist > 0 and0 < C' < oo, such that, for allx — z*| < 4,
E(x) > E(z*) — C|z — z*|%. Therefore,

1 i i
2 _ 2 2
Soun=o(g)e X E(ghis X E(F)e
€S €S €S
|[i/N—z™|<é [i/N—a™|>6

> B(x)(1+0(e N ) o Y

+(’)(%) + inf (E(z)) Z v?

rzeD
€S
i/N—a* |26
= B(z*) + O(i)
= )

where we have usef{28) along with normalization in the f{&8) in the second,
and [39) and{40) in the last step. This proves the asserfiBropositio 3. O

After dealing with the diagonal part, we are now ready to erklmn the
guadratic form.

Proposition 4. Let F;; be as inZ9), and assume that satisfies conditio3d) of

Theorentll. Then, .

Z viEjvj = O(N) .

i,jES
Proof. Evaluating the difference betwegiN —x*|? = (i/N —x*,i/N —z*) and
|i/N—x*|? = (j/N—z*, j/N—z*), wefirst note thalj /N —z*|*—|i /N —z*|* =
((i +j)/N —2z*,(j —i)/N) (here,(.,.) denotes the scalar product). In view of
v; = ce  ON/N=2i/N=2") “and withj = i + k,

— 2", —

2% + k k
0
N N>>

Vi > Vi < 77(2'7]{) e <
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(note thaty(i, 0) = 0). Using F}; = Fj; (seel®)),(v; — v;)* = (v; — v;)?%, and
Fi it = fr(i/N) + O(1/N) (seel[2B)), we can rewrite the quadratic form as

Z viFjv; = —% Z Z Fy ik (vi — vigr)?

i,jES i€S keS—i

- Z Z Fl z+k Uz-i—k)

i€S keS—i
n(i,k)>0

-2 2 () +o(§) - e

€S keS—i
n(i,k)>0

We have thus achieved that the summation includes only temesev; > v, x,
which entails that

. .2 ) ; |2
Vi — Uik = CefaNh/me | (1 _ efaNn(z,k)) < CaNefaNh/me | 77(1'7/4)

3

sincel — e7® < min(z,1) < z for z > 0 (of which we only use the latter
inequality). Together with the fact that the quadratic fasmegative semidefinite,
this gives

0> —% Z Z Fy ik (v — vigr)?

i€S keS—i

>ty Y (n(y) () 6 v)’

€S keS—i
> —QQNQZEZSWQ k§i (fk(%) +(’)(%))(n(i,k))2. (42)

In the last step, the constraint on the sum could be removex siie added to
the sum nonnegative terms onlf;(i/N) > 0 for k # 0 (up to O(1/N)), and

(n(i, k))2 > 0 with equality fork = 0.
We now note thaf{30) entails that, for< £, m < d,

Z fk( )k@km, Z fk( )kgk and > fk(%)kﬁkfn/N

kesS—i

(42)
are all bounded from above by a positive constanfthe latter case relies on
S/N C D with compactD). Writing

o= o) Y
L i N D
_mz,;fgkmp(ﬁ_%)(ﬁ_xm)+4(N—$e)ﬁ+ Nz}

allows us to bound the various parts of the suniid (41) asviaio
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—aY e Y A(y) zd: b (26— ) (2 )

€S keS—i £,m=1

> —4Cd Zd: > (%ﬂ - xfn)zvf = (9(%) , (43)

m=11€S

where we used the Cauchy-Schwarz inequality for
d i <) (Lm * a [ L \2
e,mz_lkgkm(ﬁl _xf) (W —xm) < ;klg Z (ﬁ _wm) ;

E2) in the first, and{39) anf{K0) in the last step.
Again, with [42), [3D), and{40), we obtain

. i\kek2 a0,
ST Al )

i€S  fym=1kES—i

— (9(#) (44)

where we further used th{tjjzlm/N — 3| < ¢|i/N — z*| for some positive
constant. Finally, {(42) also gives that

Yy YRR @

€S {m=1keS—i

Combining [4B),[(4k), and{#5), we arrive at the assertion. O

Remark 4Eq. (43) is the reason that the lower boundid (31) cannot ipeawed
by better approximations il (R8) arld]29).

Remark 5We have, so far, assumed thdtis in the interior ofD. If 2* is on the
boundary ofD, a similar approach may be taken with a one-sided, expabnti
decaying test function. The error in the approximationidwever, be larger than
in the case tackled here.

So far, we have used the Rayleigh-Ritz variational prireciill) to obtain
results on the leading eigenvaluefdf but said nothing about the maximizer (note
that the latter needot coincide with the test function). Recall from Sectiofi]2
that, for finite V, the maximizer is unique and — in ifs' version — given by the
ancestral distribution = (h;z;);es. Actually, from the bounds above, we can also
conclude that is concentrated in a neighbourhood:df where the width of the
neighbourhood depends on the behaviouEafiear its maximum. In the generic
case of a quadratic maximuma,s concentrated in a region with a width of order
1/+/N. More precisely, we have:
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Theorem 2. Let E; and F;; satisfy the assumptions of Theote@im 1. AssumeBhat
assumes its maximum at a unique paihte int(D), and that the Hessian df at
* is negative definite.

Then, there is @ > 0 independent o, so that, for every) < 5 < 1 and N

large enough:
Z Q; < ﬁa
i€S
li/N=a*|>/p/BN
wherea is the ancestral distributiofof (I4) and Prop[B.

Proof. Recall first that the{*) maximizer of [TIL) is given byy = (y/a;)ics (cf.
(@32)). Hence, by Theorehh 1, the negative semidefiniteneBs afid [Z8), we have

E(ZC*) — N g /\max = Z wiFijwj + ZEZU)lQ
i,jES i€S (46)
1
< w? < i = * (— .
ZEU% rzneabg(E E(z")+ 0O I

i€S
Now, considel® (z) in a neighbourhood of*. Since the Hessian at' is negative
definite, we haveé?(z) < E(z*) — C|z —x*|? for someC > 0 in a neighbourhood
of «*, this being independent a¥. For ¢ small enough and(s) := /¢/C,
therefore,

o) < {E(x ), le—ar <)

E(z*)—¢g, |x—a* =d(e).
Together with[[ZB) and{46), this implies

* 1 2 * 2 1
) = w? < — - —
E(x )—i—O(N) E Ew; < E(x")—¢ E wZ—I—O(N)
€S €S
|i/N—a*[>6(e)
1
< * — .
< E(z*) + O(N)
Hence, for some positive constant

0<e Y, wi<y/N
icS
li/N—z*|>4//C
for all sufficiently smalle. Choosings = /N andp = /C gives the assertion.
O

Remark 6 For notational simplicity, we have assumed above fiat) assumes
its (absolute) maximum at a unique poirit, which is the generic case. It is ob-
vious from the proof, however, that an analogous resultsiflthe maximum is
assumed at a finite number of points (each with a negativeitbifliessian). Then,
the ancestral distribution is concentrated on the unioh@tbrresponding neigh-
bourhoods of these points (or a subset thereof), again witthe/of orderl /v/N.
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Let us return to the case whefg(x) assumes its (absolute) maximum at a
unique pointz*. We have seen that the ancestral distribution concentaatesd
x* for N — oo, in the sense that any given fixed fractibr- 5 (or even more) of
the distribution’s mass is contained in a region whose widitreases with/+/N.
From this, we can further conclude that thean ancestral typ@n proper scaling),
(>, a;)/N, converges tac*, which adds some interpretation to the maximum
principle in Theorerflll. More precisely, we have

Corollary 3. Under the assumptions of TheorEm 2, we have

> %az - +O(N}/3)

€S
asN — oo.

Proof. By the triangle inequality, and with a constanas in Theorerfll2, we have

e l= R Gl <R lw -

€S
T i

- Z \N — _ a;
ieS €S
|z*—i/N|<+/p/BN lz*—i/N|>+/p/BN

forall 0 < 4 < 1. The first term is bounded by/p/GN by construction. Due
to Theoren{R and the fact th&Y N c D with compactD, the second term is
bounded byC'§ for some positive constait. Thus,

5 s

<y/7e TCB
€S BN

forall 0 < 3 < 1 andN large enough. Choosing = 5(N) = 1/N'/? gives the
assertion. O

Remark 7So far, we have only considered the leading eigenvalue amddh

responding eigenvector, in ‘crudest’ approximation ortdeV. Using more ad-
vanced techniques from perturbation thedryl [33], it woudddmssible to obtain
results on further eigenvalues and eigenvectors, as wiighsr-order error terms.

5. Lumping

Let us now drop the specific assumptions of the previousseatturn to the gen-
eral situation in the Introduction, and reflect on the typacg®, which has, so far,
remained unspecified. In the example of Sedfion 3, the tyjges defined in terms
of some intermediate genetic level that could be derivehfaamore detailed pic-
ture. In this Section, we will show that a large class of mea&l some type space
S can be derived, in a natural way, from models defined on aélagpaceS
(to be called genotype space) if the branching and mutatitesrsatisfy certain
symmetry or compatibility conditions. The idea rests ondbenmon assumption
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that fitness depends on the genotype through an intermdeiegieof ‘effective’
parameters (which may, for example, be ‘phenotypes’, anégie values’ in quan-
titative genetics), and the mapping from the genotype ®ititermediate level is
multiple-to-one. One will therefore try and combine seVeféhe genotypesinto a
single effective type; if this is also compatible with the tation scheme, a reduc-
tion of the number of dimensions is possible. In the theorylafkov chains, this
approach is known asmping[84, Ch. VI]. We will proceed in two steps: First,
the lumping procedure will be described in an abstractregtivith arbitrary geno-
type and type spaces and.S, respectively. In a second step, we will specialize to
the concrete sequence (or multi-locus) picture.

For the first step, le® be a possibly large, but finite set. In analogy with (1),
consider the dynamics

p=p(M+R) (47)
on RSl with M a Markov generator an® = diag{R, | o € &}. For this

discussionM need neither be irreducible nor reversible.
Consider a mapping

p: 6 — 5 =im(p) (48)

so thatS may be understood as the disjoint union of fibfgs:

6= UmeS Dy, With @, :={0 €& |p(c)=m}=p '(m).

We will now give conditions under which the dynami€sl(47) nteyreduced to
a dynamics onS. The following result is a variant of a theorem by Burke and
Rosenblatt[12], see also[35, Chapter VI]. The settindissitated in Figurgl5.

Theorem 3. Let S and S be finite, lety be the mapping ofgd), and assume that
there are matriced/ = (M, )n,mes @andR = diag{R; | i € S} with

Ro = Ry(o), forall o € 6, (49)

> Moz =Myo)m foralloed mes, (50)
TEDP,

whereM is the Markov generator of E@EA). Then,M is a Markov generator on
RIS1, If p solves@), then

Ym ‘= Z Po (51)

ocED,,

satisfies the differential equatidfl), i.e., Jn, = >, Yn(Mpm + Rpdnm). If M
has stationary distributiorr = (7, ),cs, M has stationary distributionr =
(Tm )mes, Wherer,, = deqﬁm 7; reversibility of M with respect tar implies
that of M with respect tor. If M + R has principal left eigenvector, M + R

has principal left eigenvectdr with b, = 3 4 b
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Fig. 1. The lumping procedure. The ‘large’ spa€eis partitioned so that all elements in a
given subset, sa®,,, have the same reproduction rdtg, (Eq. {49)), and the same total
mutation rate,zfe% M, -, to elements in any other given subgst (Eq. [B0)). Then,
each subset may be represented by a single element in asapat=S, and the induced
‘effective’ model onS is again a linear mutation-reproduction model.

Proof. The proof is a straightforward verification. Note first thidtis a Markov
generator (ofR /%), because, for any € &,,,

Zan:Z Z MG’T:ZMG’T = 07
nes nes red, T€ES

sinceM is a Markov generator.
Starting now from[[Q1) and{%7), we find

?sz Z pa: Z ZPT(MTU+RT6TU)

o€Dm, oc€dy, TES

=D > pr(Mpym+ Ro(rydp(r).m)
nes 7€d,
nes
where we have usef[{49) alidl50) in the second step[ahd (81 last, together
with the fact that bottV () ,,, and R, ()0, (+)..,, are constant on every fibi, .
Finally, the assertions on stationary distributions angrgibility are direct
verifications in the same spirit. O

6. From sequence space to type space

In this Section, we will be more explicit and start from segeespace. The natural
scheme that will emerge involves the grouping of sites togetvith a ‘coarse-
grained’ dependence on some ‘genetic distance’. Many offrdguently-used
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models fall into this scheme. Related results appear irsstatl physics, compare
[[4[6], from where we will borrow some techniques.

Let us begin with the general setup for a mutation-reprddonehodel on se-
guence space. We will assume that the typef an individual is characterized by
a (DNA, RNA) sequence which we take to be an element of theespac= XV
with ¥ = {1,...,q}; we writec = (o1, ...,0n). For generality, we leg be an
integer> 2; if ¢ = 2, the alternative choic& = {—1,1} is often more conve-
nient. Consider now a partition of the set of sites= {1,..., N} into K disjoint

subsetst,, i.e., .
A= UKKK Ap. (52)

LetP(X) = {(p1,- .-, 1q) | e = 0,>, e = 1} denote the simplex of probabil-
ity measures (or vectors) au. Set, with obvious meaning,

1 2 1 q
PAk(E) = 7)(2) n {O, m, m,. ..,1 — m,l}
and
K
Pitrti)(E) = @) Pan(2). (53)
k=1

That is, P4, ... 1,)(¥) is the set of product measures with values restricted to
certain rationals induced by the partition.

Consider now the mapping (which will take the role@from the previous
section)

m: 2V —Qf 5 m(o) (54)
with m(o) = (mf(0)), <, =% and
1 1
mi (o) = — S0, =—— |{s|s€ Ap,05 =1L}]. (55)
HO =TT 2 e = T |

So,m{ (o) is the fraction of the sites ial;, which are in stat¢ € X. Note
that> 7_, mf (o) = 1, i.e., for eachk, my(c) := (m}(0),..., m} (o)) defines a
probability measure of, with m;, € Py, (X).

Describing the system in terms of these lumped quantitidowiy lead to a
simplification if a suitable symmetry is available. In ouseathis is given by those
permutations of the sites that are compatible with the anpsetition.

Let I'4 be the permutation group oh= {1,..., N}, i.e.,

I'y:={v|~v: A— Aisabijectior},
andIy, .. a,) the subgroup compatible with the partitidnk52), i.e.,
Tty = {7 €T [ 7(AR) = A, 1 Sk S K} Ty X oo x Ty

We introduce the canonical action of the permutation grou@®d’ through the
inverse permutation of sites, i.¢x0); = o,-1(;). We are now ready for
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Theorem 4. Let ¥V = {1,...,¢}", and matricesM = (M, ), ,cx~ and
R = diag{R, | ¢ € ¥V} be given, withM a Markov generator. Lep solve
p = p(M + R). Furthermore, letm be as in&4), and S := m(ZV) ¢ QK.
Assume that there exist a functign ¥V x 2N — R, and matricesh =

(M), neg @nd R = diag{R,, | n € S}, so that the following conditions are
satisfied:

@) g(ymy0) = g(r,0), forally € (4, . ax);
(b) Mor = My (o) m(r9(o,7), forallo,ec .
(€©) Ro = Ru(o), forallo e XV,

Theny,, ==Y, s po Solves the differential equation= y(M + R), where

Mnm - Anm Z 9(0,7’)

TEDH,

is independent of the choice efc &,,. Moreover,M is a Markov generator. If
M has stationary distributior = (7,),cs, M has stationary distributionr =
(Tm )mes, Wherer,, = Zg@m 7, reversibility of M with respect tar implies
that of M with respect tor. If M+R has principal left eigenvectol = (i, )oce,

then)M + R has stationary distributiot = (), g With b, = 37 h

o€D,y, 0"

Proof. Fory € I' 4, ..., A,), We have

.....

m(yo) =m(o) and (2V) =5V, (56)
where the first identity is obvious froffiL{b5). Equatifnl(56)aéls that
'7(45771) = d)ma (57)

i.e.,I4,,...A,) cts transitively orb,,,.
In order to apply Theorer 1, we have to check assumpfich Gohsider

thereforeZTeq)m Mor = Am(g)ym ZTE% g(o, 7). Forarbitraryy € I'ix, ... Ax)
assumption (a) and Eq_{57) give

W(o) = > glom)= > glyo,v7)

TED,, TED,,
= Y gt m)= Y g(e,7) =(r0).
T'eY(Pm) T'ED,,

Due to the transitivity ofl 4, . 4,) on P, ¥(o) is constant on the fibres
D (- Assumption[(BD) is therefore valid, and an application bédrenfdL then
gives the desired result. O

Remark 8 The connection with the situation in Sectidn 4 is made byirsptt =
Kq, and observing tha¥ /N c [0,1]¢ =: D. Obviously,S and D must take the
roles of S and D. If |A;| ~ ;N with positive constantsy, 1 < k < K, and
dop o =1, thenS becomes dense i asN — oo. The corresponding is a
parallelepiped with edge lengthg.
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Examples of particular relevance emergg ifs a I, ... a,)-invariantdis-
tance such as the Hamming distance (i.e., the number of sites @hvitvo se-
quences differ). A very simple case was implicit in SecfibmwBere the single-
step mutation model o = {0, 1, ..., N} was interpreted in terms of a model on
{—1,1}". Here, a site in state-1 or —1 corresponds to a site whose state does
or does not coincide with the respective state in a refereaqaence (sometimes
called the ‘wildtype”). If the reproduction and mutatiortea only depend on the
Hamming distance from the reference sequence, we are itigseith X' = 1,

g = 2 and hencel = 2, which further boils down tal = 1 if the restriction
m] +m? = 1is used (see also below). In such a simple case, the lumpeelisod
immediate. More elaborate examples will be discussed iméxe Section.

7. Towards Applications

In many examples of sequence space models, the lumpingraotish as de-
scribed in the previous sections leads to an effective modehich the maximum
principle of Sectiof4 may then be applied. In particulariveig example will be
a case for TheoreM 1 if it has the following properties:

(P1) The partitioq A;}<_, in @&3) is relatively uniform, in the sense that there exist
constant$ < ¢ < C' < 1 such that
| A | | Ak|

< — < s — <
Y - N P
uniformly in V. (Alternatively, this may be replaced by the single, angkliy
weaker, conditiofim inf ;o infi <p< i V}\}“' > 0; note thay ", |A;| = N by
construction.) This condition ensures that= i /N will become a meaningful
continuous type variable fa¥ — oo.

For the next two properties, a suitable enumeration of taemehts of5 is required
to ensure an appropriate representation of the matficesnd R.

(P2) The functiory that occurs in the sequence space mutation matrix and that is
required in the lumping procedure (see Theokgém 4) decreasisently fast
away from the diagonal. Note that under condition (P1), for @ ~ we have
that

dn(0,7) > 2 (o) —m()]l

wheredy is the Hamming distance. Thus,dfhas compact support indepen-
dent of N (as in the example in Secti@h 3), or if it decays sufficiendlstf(e.g.,
exponentially) withdy;, this entails the decay condition grin TheorentlL.

(P3) After lumping, the effective reproduction and mutatinatricesk? andM lend
themselves to a continuous approximation. Thafig, = r(m) + O(1/N)
andM,,, = s(m,n) + O(1/N) with functionsr ands that areC(D,R),
where the implied constant in ti®(1/N) bound is uniform for alin andn.
This entails the approximation condition dghand F' in (Z8) and [ZP) that is
also required for Theorefd 1.
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Clearly, (P2) and (P3) stipulate that the enumeration ofytpes is adapted to

the problem. The right choice is often intuitively clear,mashe examples in Sec-
tion[d, and in[[Z1]. But sometimes more thought is requiredydl be illustrated
by means of a few examples and special cases below.

(E1)

(E2)

(E3)

Some simplifications arise in the case: 2, where we now use&’ = {—1,1}
rather thar{1, 2}. Here, the constraimi, + m? = 1 can be used to reduce the
number of variables per subset to one. It is convenient tb;set mi — m3.
Eq. (83) is then replaced by

and we obtain the simple formula

1
br(o) = m Z O .

SsEN

The casel = 1 (and henceS C Z) corresponds to so-called ‘mean field
models’. They have been studied in the case whérer) = 0 for dy (o, 7) >

1, i.e., mutation is restricted to neighbours in sequenceespseell3 4. 41715,
28] for ¢ = 2, and [2T121L] forg = 4).

A special type of models that falls into the above classliated to fitness land-
scapes based on Hopfield Hamiltonians. These are specéd ofspin-glass
models [39] that were originally motivated by neural netkgrthen became
prototype models for random interactions in statisticalgits, and were later
also used as tunably rugged fitness landscapes in bidloj%4B8

Let us consider the cage= 2, with sequence spac® = XV = {-1,1}".
A Hopfield Hamiltonian then is a function that assigns to guerc & an
energyH y (o) in the following way:M elementst?t, ..., M of XV (known
aspatterng are specified (usually by independent random draws foi).
Given these, one defines

N

M M
M) = = 30 D ool =N (wu(0)’,  (69)
pn=1s,t=1 pn=1

where

1 N

(o) = 1 Lot = o). (59)
i.e., a sequence is assigned an energy by sitewise compafitioe sequence
with all patterns (see Fig. 2). The properties (in partigulze ruggedness) of
the energy landscape so defined (and to be used to assigrs fiseesbelow)
depends on the number and the particular choice of the patter
Let us now explain the lumping procedure fity (o), as adopted froni]6]
and illustrated in Fig. 2 (the more general setting wjth> 2 can be found
in [22]). To this end, we associate with the collection of reectors” the
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+ 3 1+ 5]+ et
i\ TEON
N NS

0, O, ... On
Fig. 2. Lumping in a Hopfield model with/ = 2. Here,¢*,¢? € {—1,1}" are two
reference sequences (‘patterns’). Fitness is assigneseiquence = (o1, 02,...,0n) €
{—1,1}" by sitewise comparison with both patterns (EGS] (481 (883 [G1)). This de-
fines four subsets of sites (indicated by different shadisgshat the sites in each subset

are equivalent with respect to bagh and£? and may thus be permuted without a change
of fitness.

M x N matrix¢{ = (¢¢);S4S1]. We denote by# the rows and by, the
columns of this matrix. A partitionl, . . ., Ax with K < 2™ is now obtained
as follows. Letes, ..., eon (e, = (ef)'S#<M) denote an enumeration of all
M-dimensional column vectors with entrigd. Then we set

Ak:Z{S€A|§S=€k}.

If all the A, are non-emptyl = 2M; otherwise, empty subsets may be omit-
ted, andK < 2. We then have

K K

u0) = 5 Dok S = o D IAekbu (o)
k

=1 SEAN k=1

and so

M K
Hn(o) = NZ Z er.er | Akl | Ag|br ()b ()

p=1 k=1

is a function of thé (o). Thus, if we consider reproduction and mutation rates
of the form

Mor = a(Hy(0o), Hn (7)) g(o,7), (60)
7?fa' - ﬁ(HN(O')) 3 (61)

with a nonnegative function and any real functio, we may apply Theo-
rem[4 to derive the effective dynamics with lumping accogdio the values
of bi(o). In particular, the choic@(x) = x gives the familiar Hopfield fit-
ness landscape, andz) = 1 along withg(o,7) = p for dy(o,7) = 1,
g(o,7) = 0 fordy(o,7) > 1, andg(o,0) = —2Nyp yields the decoupled
sequence space mutation model where every site mutatgseindently and
at the same ratg (e.g., [5]). It may be considered as the decoupled variant
of the quasispecies modgl]17]; the latter may be constdtiota similar way.
Both are mutation-selection models in a molecular settirdyaell known for
their error thresholds that may occur whesurpasses a critical value. A pre-
liminary analysis of sequence space mutation-selectiotetsavith Hopfield
fitness has been given [n]38]45] and shows a rich behavidtlryarious error
thresholds, depending on the specific choice of patterns.
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8. Summary and Discussion

The motivation for this work came from haploid mutationesgtion models, or
other essentially linear models, which frequently appeapadpulation biology.
These are models for relative frequencies of types (gemrstyge classes...) in a
population, which turn linear after a suitable transforiorato quantities that may
be interpreted as the absolute frequencies that would lzénelok if growth were
unrestricted.

We have been mainly concerned with the leading eigenvaltleeahatrix that
describes thinear dynamics. This leading eigenvalue is the key to the asynptot
properties of the correspondimgsentially lineamodel. For example, it directly
yields the mutation load in a mutation-selection modelldbgrovides the key to
the stationary distribution of types in the present as wetha ancestral population
(the latter is obtained when running the process backwadodtive past until sta-
tionarity is reached). Furthermore, its parameter depereldetermines whether
error thresholds occur in a given system.

We have considered here the large class of models witdversiblemuta-
tion part, meaning that, in the (hypothetic) mutation efuiilim = in the absence
of reproduction, the mean number of transitions betweenpainyof types is the
same in the forward and the backward direction. This is adstahassumption in
many models of population genetics. Note that apspnmetrianutation generator
is automatically reversible (becausés then the equidistribution). Many mutation
models of classical population genetics are reversilde (e random-walk mu-
tation model with Gaussian mutant distributionl[I0, 42)yddahe same holds for
practically all models of nucleotide evolution, as disagsalready in Sectiod 1.
At the molecular level, reversibility is a basic assumptiorwhich practically all
model-based phylogenetic tree estimation methods rest.

Reversibility implies that the matrik/ that governs the linear(ized) dynamics
is similar to a symmetric one, which in turn means that itslieg eigenvalue may
be determined by the Raleigh-Ritz variational principlat Bhis alone is not very
useful in practice if the number of types is large, which is tisual situation in
all but a few textbook examples. The main concern of this paperefore, was to
reduce the number of dimensions to its ‘effective’ numbhisThvolved two steps:
A lumping procedure that leads to an equivalent smallérdssicrete, system; and
an approximation that turns the discrete system into acoatis one by replacing
the discrete types by a continuous type variable. Let usidssthem in turn.

Lumping:This a kind of coarse-graining that applies if the fithes<fiom and
the mutation model on the ’original’ (genotype) spa&dave enough symmetries
to allow for lumping of several states @f into a single one, so that the induced
‘effective’ model on a smaller spactis again a mutation-reproduction model. As
illustrated in Fig. 1, this works if

1. forevery staten in S, all statesr € & thatare lumped intoiit (i.e., all elements
of the fibred,,,) must have the same fitnes®,, (Eq. (49)), and

2. for every element € &,,, the total mutation rate to ‘target types’ i#,,
ie., ZT@H M, -, must be the same; it may dependseandm, but not on
which particular element € &,, is considered. Note, however, that only the
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total mutation rates are relevant, not how they are diditbacross the various
types in®,,; see Eq.[[H0) and Fig. 1.

Well-known examples that allow for lumping are evolution dets on se-
quence spac&, the set of possible sequences of lengthover an alphabet
Y (e.g.,r = {AG,C,T}or ¥ = {—1,1}), provided all sites mutate inde-
pendently and according to the same process, and the fitmestsoh is invariant
under permutation of sites. Independent mutation is a peyfeatural standard
assumption; permutation invariance of fitness is more ofs&iotion, but still a
common assumption. It applies, for example, if fithess ompeahds on the se-
guence through the number of mutated positions (i.e., threrhiag distance) rel-
ative to the wildtype or some other reference sequence ifjadly, the fitness of
regulatory sequences has been modelled as a hyperboliidiuioé their binding
energy to the regulatory protein, which, in a good approtiomadepends linearly
on the number of mismatches relative to the perfectly matgisiequence [24].
Then,S = {0,..., N} with d = | ¥| is the obvious choice, where the elements
of S are given byi = (i) x with i, denoting the number of sites occupied by
letter. In fact,d = |X| — 1 is also sufficient due to the constrainy, . i, = N.

If X = {-1,1} and if we assume parallel mutation and selection, we artiee a
special case of the single-step mutation model in SeElidtagaely, onLV, the
non-diagonal elements of the mutation generatorfetg, = /N if o andr

differ at exactly one site, while all other elements vanmhS = {0,1,..., N},
we get
N —1 )
; N jit1 i =hy i1 (62)

as the ‘lumped’ mutation rates (sindé — i and, respectively, are the number of
ways in which a sequence withmismatches may mutate into one with- 1 or
1 — 1 mismatches in one step).

For simple situations like this one, the above lumping adicay to the Ham-
ming distance is routinely used, one way or another (seg,[@{{[24]). It is also
implicitin many multilocus models; here, the original géymee is usually not con-
sidered at all, and one entirely relies on some effectiveahaslidentified with the
number of mutated sites relative to some wild— or optimaétygee[[36, 14].

With somewhat more effort, models with a nucleotide alphatsgy be treated
along the same line5R1], this time, with= || — 1 = 3. What is less obvious
is that the procedure also works for more interesting fitfiesstions like those
that arise from Hopfield models. Here, again= {—1, 1}, but, this time, fithess
is assigned according to the sitewise comparison of theeseguwithseveralref-
erence sequences (known as patterns). Such fithess funhawa multiple peaks,
are tunably rugged, and fail to be permutation invarianbs€all sites. Rather, the
set of sitesd = {1,2,..., N} may be partitioned intd = K (disjoint) subsets so
that the sites in each subset are equivalent with respedit teference sequences.
Consequently, permutation invariance still applies withubsets, and the effec-
tive type now is ai-tuple of letter frequencies, each taken over the sites imeng
subset. For details, see Sectidn 7, and Fig. 2.

Continuous approximatiorEven after lumping, the state space is usually large,
typically S = {0,1,..., N}? with large N and moderatd. In a second simplifi-
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cation step (that may, of course, be applied independdtigimodel was ord

in the first place), we now replace the discrete variationablem by a continuous
one on a compact domai? € R?. As described in Sectidd 4, the discrete type
i € Sis replaced by:; = i/N in S/N, and approximated by a continuous vari-
ablez in the limit N — oo. For the two-state model discussed abave, [0, 1] is
simply the fraction of mutated sites relative to the refeesequence. (In popula-
tion genetics, the infinite sites limlY — oo at constant (and hencé/n — 0) is
more familiar; for a discussion of how this relates to theitiing procedure here,
see [26] and[[b]). For models with a nucleotide alphabet [0, 1] tells us at
which fraction of the sites there is a replacement of theregfee letter by one of
the three other nucleotides (in a suitable encoding). Kirialthe Hopfield model,

x € [0, 1]? holds the fractions of sites that read1” within the d subsets.

Our main result Theorentdl, now rephrases the variational problem in terms
of matricesEl and I that result from symmetrization @f/, and hence o + R.
Fis the symmetrized mutation matrix, as far as the non-diagelements are
concerned; its diagonal elements are arranged sdftlisb Markov generatoiy
is a diagonal matrix that holds both the reproduction ratesantributions from
the mutation rates.

TheorenTll now tells us that, under certain conditionskband F, a large
simplification relative to the discrete problem is obtainEdk variational problem
boils down to a continuous one di C R If d is small, this can often be solved
explicitly. Let us now first discuss these conditions, arehtthe result, in more
detail.

The assumptions off andF' in @8), (29) andI(30) appear to be rather special,
but they are, in fact, very natural for many models in popatagenetics. The
continuous approximation of the matricesand F, as imposed by[{28) anf{[29),
always applies if the reproduction and mutation rates hlage bwn continuous
approximations each (i.e?; = r(i/N)+O(1/N)andM;; = uy(i/N)+O(1/N)
with CZ(D, R) functionsr anduy, for all i, j, wherek = j —1) as in the single-step
mutation model (Sectidd 3 and Ef.162)). For lumped versadrsequence space
models, the condition on the mutation part is always fullijleften, the continuous
version is even exact, i.e. without ti1/N) term, as we see frori{b2). As to the
reproduction rates, the condition requires that the fitfgsstion becomes locally
smooth when the types become continuous (but this does ohitdexruggedness
at a larger scale). Many models in population genetics relthas assumption, in
particular, the usual models of quantitative geneticsrgorew, seel[10]).

Furthermoref" mustdecay sufficiently fast away from the diago(td. (30)).

If we have a suitable distance between types and mutatioayddast enough
with distance, then, with a suitable indexing, the symrmzettimutation matrix'
will be concentrated around its diagonal. In the singlg-staeitation model M
is tridiagonal, and henc&TBO0) is trivially satisfied. In mamher models (such as
the random walk mutation model with Gaussian mutant distidim), the decay is
exponential and hence even faster than the cubic decayreelqni[30).

Under the conditions just discussed, it turns out that theareing variational
problem involves only the diagonal terid; F' contributes only an ’irrelevant’
O(1/N) term. The maximum of the continuous functiéliz) that approximates
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the entries ofE’ then yields the leading eigenvalue, or mean fitness, in iegadi
order. For the single-step mutation modél £ 1), E(z) is easily seen to be
E(z) = r(x) — g(x) (cf. 1)), wherer is the (continuous approximation of)
the fitness of type;, andg(x) has a plausible interpretation as loss in fitness due to
mutation [26]. The explicit expression féi(z) is immediate in this case since the
mutation matrix is tridiagonal. In nontrivial exampleswever, more work is re-
quired to get this function explicitly; examples will be pemted in a forthcoming
paper.

In the generic case that(x) has a unique, quadratic maximum, we can further
say that theancestral distributionis concentrated around the point at which
E(x) assumes its maximum. More precisely, any given fractiort ¢éastl — /3
of the distribution’s mass is contained in an interval cedtatz* whose width
decreases as/v/N (TheorenfR). As a consequena¢,obtains the interpretation
of the mean ancestral type, up to an error term of the ordet ofcst1/N'/3
(Corollaryl3).

Open questions concern the stationary distribution inpilesentpopulation,
and quantities associated with it. In the single-step matiel mean type of the
present population is available through the inverse fonatifr evaluated ah,ax
(if » is monotonic); this also leads the way to other propertighefdistribution,
in particular, the variance of the present type, and theawag in fithes<[26]. This
does, however, not carry over to higher dimensions in a @mpaly — the present
seems to be more difficult to deal with than the past! For theeseeason, the
criteria for the existence of error thresholds giveriid [@8hain to be generalized.

The motivation for this work came from continuous-time ntiagta-reproduction
(or mutation-selection) models (cEl (1] (3) ahdl (4)), whalso set the scene for
this discussion. However, it should have become clear thiatesults are not tied
to these specific models. Our main result (Theok&m 1) simigidy asymptotic
estimates for the leading eigenvalues of large matricdsitssess a certain con-
tinuous approximation, and whose elements decay suffigitast away from the
diagonal. These properties are shared by many dynamictdsgs(in discrete
and continuous time); obvious candidates are models wignation and spatially
varying growth rate (se€[87, Chap. Il] for an overview oftilly structured pop-
ulation models).
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