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ABSTRACT
We present three related number sequence games as simple
models of coevolution and demonstrate that they produce
escalating arms races and irreducible functional units of unbounded size. We argue that our results imply that the models also show unbounded evolutionary activity according to
a previous formal deﬁnition. Furthermore, we examine the
robustness of the coevolutionary dynamics under diﬀerent
parameter regimes. We propose number sequence games as
benchmarks for coevolutionary algorithms, and make some
suggestions on adjusting task diﬃculty and choosing selection methods in coevolutionary algorithms.

1.

INTRODUCTION

Open-ended evolution is an interesting concept both from
the perspective of theoretical biology and from the perspective of evolutionary robotics, which aims to automatically
construct robot morphologies and controllers in an incremental way. A precise measure for evolutionary activity that
was introduced several years ago has been used to demonstrate that many of the early artiﬁcial life systems do not
have the potential for open-ended evolution [1]. Although
it was later shown that a particular artiﬁcial life system
called “Geb” does show unbounded evolutionary dynamics
according to that measure [4], many questions remain about
what exactly causes open-ended evolution to occur. One
assumption that seems to be plausible is that coevolution
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can be open-ended provided the environment in which it occurs and the genetic system employed are suﬃciently rich,
whereas open-ended evolution seems to be hard to achieve
using a static ﬁtness function. However, a suﬃciently simple model that can still produce open-ended evolution would
certainly be helpful for more systematic investigations of the
conditions necessary for open-ended evolution and sustained
increases in complexity (complexiﬁcation). The type of complexiﬁcation that we are interested in is not just an increase
in the number of components. We are interested in the number of components that, taken together, solve a particular
problem arising as a consequence of the need to survive and
reproduce, or in other words, that can be seen as performing
a particular function.
Previous research on coevolutionary number games (starting with [16]) may provide some inspiration here. However,
this research was targeted at other questions about coevolutionary dynamics, and the used encodings (single numbers
or vectors of a few component numbers) do not provide the
potential for complexiﬁcation. Previous biological research
on “Gene for Gene” coevolution models and various related
extensions [14, 3] has focused on the dynamics of one gene or
a ﬁxed number of genes with several (typically 2) alleles each
that can make a host resistant to infection, or a pathogen
virulent. In these models, the more powerful alleles typically
incur ﬁtness costs, and the distributions of alleles over time
in the two populations are studied. These models are not
concerned with questions of complexiﬁcation over time or
the diﬃculties of ﬁnding powerful alleles in the ﬁrst place,
and “arms races” [6] arising in these models typically consist
of cycles where the frequencies of a ﬁnite number of diﬀerent
strategies in the populations increase and decrease.
Another approach towards coevolution comes from the
Webworld family of models [7]. In the basic Webworld model,
a species is characterized by a ﬁxed size list of features. It
interacts with species that have other features as deﬁned
by a randomly initialized feature interaction matrix. The
model consists of phases were species sizes are computed iteratively by means of diﬀerential equations until the food
web becomes stable. In between these phases, new species
are created by randomly changing the feature lists of existing species. This model has been extended such that the
number of features of a species can vary within bounds, and
a growth in complexity has been observed in the extended
model, although the reasons for that growth were not entirely clear [11].

The Foodchain model [9] is perhaps closest to what we
are going to present here. It models symmetric competitive
coevolution between individuals that are strings of letters
with a ﬁxed length. Some letters can be used for attack,
others for defense, and the rest has no function. Matching is done between sequences of attack and defense letters
present in the genome of two individuals to determine which
one gains from the interaction. Point mutations and duplications are used in an evolutionary process that leads to
complexiﬁcation, i.e., a growth of functional subsequences
in the genomes.
Paths of Darwinian evolution have previously been classiﬁed as serial direct evolution, parallel direct evolution, indirect evolution by redundancy removal, and indirect evolution by change of function (also known as exaptation) [15].
In response to claims by proponents of “Intelligent Design”
that evolution cannot produce “irreducible complexity”, i.e.,
functional units of many components with the property that
removal of any one part destroys the function [2], the authors of the above classiﬁcation have argued that the two
indirect evolution paths can produce irreducible functional
units. Exaptation, just like open-ended evolution, seems
more likely to occur in a coevolutionary scenario than with
a static ﬁtness function. In an attempt to demonstrate the
emergence of complex function by evolution with the artiﬁcial life system AVIDA [10], the authors have manually
provided intermediate rewards for organisms performing a
number of simple logical operations to ﬁnally arrive at an
organisms that can perform the logical operation “EQU” (=
“A equals B”). Of course, hand-designing intermediate rewards becomes very diﬃcult once more complex domains
are considered. Besides, it raises the question whether the
most interesting issue is actually where these intermediate
rewards come from. Here we intend to go beyond that approach and demonstrate that intermediate rewards can be
provided by using coevolution.
Three related simple models of coevolution are presented
in this article. The ﬁrst is a model of competitive coevolution (parasitism), the second of cooperative coevolution
(mutualism), and the third of commensal coevolution (where
one species gains from the interaction whereas the other is
indiﬀerent to it). We demonstrate that the models can produce escalating arms races and irreducible functional units
of unbounded size under certain conditions. (Here we use
the term “arms races” in a loose sense such that everything
used to gain from an interaction is considered part of the
arms, regardless of the nature of the interaction, whereas
originally the term was used for competitive interactions.)
Although we do not directly measure evolutionary activity
as deﬁned previously [1], we argue that our results imply
that the models also show unbounded evolutionary activity
according to that deﬁnition. Furthermore, we examine the
robustness of the coevolutionary dynamics under diﬀerent
parameter regimes. We discuss possible implications of our
results for coevolutionary algorithms.

2.

METHODS

2.1 Number sequence games
There are two populations in our number sequence games.
In the parasitic and commensal model, individuals from the
ﬁrst population termed symbionts gain from the interaction,
while those from the second, the hosts, are inﬂuenced in a

negative way or not at all. In the mutualist model, individuals from both populations gain from the interactions
provided they meet certain conditions.
The genotype — and the phenotype — of a member of
either population is a sequence of numbers. What biological
phenomena could be modeled by these number sequences?
On a molecular level, the numbers could represent enzymes
that need to be expressed in a particular temporal order to
achieve a given function. On a behavioral level, they could
represent behavioral primitives. Typical parasitic scenarios
include host defense enzymes, and corresponding neutralizing parasite enzymes, or behavioral primitives in a pursuit
and evasion scenario. Typical commensal scenarios include
microbes that live on the waste products of other organisms,
to the chemical composition of which they have to adapt.
For typical mutualist scenarios, we may think of pollination,
in which case individuals from the symbiont population correspond to pollinators, and those from the host population
to plants.
In every generation, each organism in one population is
tested against every organism in the other population. In
the parasitic and commensal models, symbionts gain a ﬁtness bonus for every host organism whose number sequence
they completely match. This means that there must be
pairwise matches between corresponding host and symbiont
numbers. This pairwise matching is performed until either
only the host sequence ends (the symbiont wins), only the
symbiont sequence ends (the host wins), both sequences end
(the symbiont wins), or a wrong number event occurs in
the host sequence (the symbiont wins). A wrong number
event means that the defense produced by the host is ineﬀective because it violates externally provided constraints.
To use such constraints in the parasitic and commensal models has proved to be necessary because otherwise the search
space of the symbionts (which have to exactly match the
host numbers) is much more diﬃcult than the search space
of the hosts (which can choose any number), which lead to
the hosts escaping from the symbionts early in evolution in
preliminary experiments. We deﬁne a match between two
numbers as equality here, but other relations (like complement) would be equivalent as long as they do not change
the number of possible solutions. If the host wins, it gets
the corresponding ﬁtness bonus in the parasitic model. In
the commensal model, the host always gets a ﬁtness proportional to the length of the subsequence in its genome that
fulﬁlls the externally provided constraints, which eﬀectively
means that a simple ﬁtness functions with intermediate rewards is provided to the hosts.
In the mutualist model, an organisms gains a ﬁtness bonus
if it matches the whole sequence of the organism from the
other population. This means that if their sequences have
equal length, both will obtain the ﬁtness bonus, but if one
has a longer sequence than the other, then only the one
with the longer sequence will win (provided, of course, that
it completely matches the shorter sequence). No external
constraints are imposed in the mutualist model because it is
by nature symmetric.
Each ﬁtness bonus has a value of 1.0. To arrive at the
ﬁnal ﬁtness of an organism, these bonuses are added, and
then a ﬁtness contribution due to genome length fl (o) =
clp exp(−0.1 · [genome length]) is added, where clp is a constant that determines the costs of adding and maintaining
further genes.

Figure 1: Measuring irreducible functional unit size
(IFUS) in symbionts. In this example, the host population size is 3, and the symbiont sequence matches
all host sequences. IFUS is deﬁned as the maximum
of the number of irreducible sites in a matching sequence, where irreducible means that there is no
intermediate reward provided by other matches.

The nature of the constraint on the host number sequence
in the parasitic and commensal model is as follows: The ﬁrst
number in the sequence must be 1, and a number at position n + 1 must have the value v(n + 1) = (v(n) + 1)%np ,
where 0..np − 1 is the range of possible gene values and ’%’
denotes the modulo operation. This means that only a fraction 1/np of the newly added genes will be eﬀective. So
the space of host solutions is constrained exactly as much as
the space of symbiont solutions (where also only one number will match at a given position), and the only eﬀective
gene sequence of length n < np takes the form [1, .., n]. It
should be noted that neither the genetic system nor the ﬁtness function (apart from this constraint) use any notion
of neighborhood of numbers, so we could equivalently use
any other constraint as long as eﬀective solutions have the
same probability in the search space under that constraint.
Another important point is that, while we do provide a gradual path towards more complex solutions here, we provide
it only to the host population. Furthermore, the host population in the parasitic model can only exploit the ﬁtness
gradient if the parasite population is at the right place in
the sequence space to provide this information (whereas the
host population in the commensal model can exploit information about the gradient at any time because its ﬁtness is
directly dependent on matching the external constraints). In
section 3.3, we will introduce a more sophisticated method
of setting constraints.
Simple ﬁtness proportional selection (without any elite
mechanism) is used as a starting point. Unlike many other
selection methods, this one is known to be well-behaved with
regards to game theory in the sense that all Nash equilibria
of a given game are ﬁxed-points of systems using ﬁtness proportional selection, and all point attractors of systems using
it are Nash equilibria of the game [8]. All experiments use
a well-mixed population without spatial structure.

2.2 Genetic representation and operators
As already mentioned, the genome is basically a sequence
of numbers. (For administrative and statistical purposes, we
also provide each gene with a unique identiﬁcation number
as introduced in [13], but this has no inﬂuence on the model
behavior as presented here.) Three mutation operators are
used on these sequences: add a number (with probability
0.2), delete a number (with probability 0.1), and change a

Figure 2: A typical run of the parasitic model. Maximal ﬁtness of symbionts (solid black line) and hosts
(dashed green line), mean ﬁtness of symbionts (thick
black dots) and hosts (thin green dots), maximal
symbiont IFUS (red dotted line). IFUS increases
linearly over time.
number (with probability 0.2). Values are always randomly
drawn with uniform probabilities over the whole range. By
default, the operations are only applied at the end of the
sequence. Of course, the order of numbers in the genome
could also be arbitrary if each gene also contained some information about the time of its expression. These ways of
encoding the phenotype are equivalent.
All populations are seeded with a common ancestor that
has a random sequence of length 1. Recombination is not
used in the experiments reported here.

2.3 Measuring outcomes of coevolution
We are most interested in calculating irreducible functional unit size (IFUS) for organisms in the ﬁrst population.
This is done by iterating over all cases where an organism
from the symbiont population matches an organism from
the host population in a given generation (see Fig. 1). The
sites in the symbiont genome that participated in that match
are marked. Next, all sites that also participated in shorter
matches in the given generation are unmarked. IFUS is then
deﬁned as the maximum of the number of marked sites over
all matches. The highest IFUS found in the population is
recorded in every generation. This in turn leads to two measures related to coevolutionary complexiﬁcation: the highest
IFUS ever reached during a run, and the number of generations before the maximal IFUS in the population ﬁnally
dropped to zero. The latter value is equal to the total number of generations if no such drop occurs, or the population
can recover from a temporary drop. This measure indicates
for how long the symbiont population can compete before
the host population completely escapes from it. We call this
eﬀective symbiont competition time, or ESCT.

3. RESULTS
3.1 Evolutionary complexification

Figure 3: Sequence diversity in the host population
for a typical run of the parasitic model. Diversity is
color coded, with white corresponding to 0 and the
most intense red corresponding to maximal diversity
(in this case, 10) at a given position in the genome.

Figure 4: Complexiﬁcation in 20 runs of the mutualist model. IFUS breaks down and builds up again
in some runs. Otherwise, it grows linearly.
the IFUS stays at zero because the hosts have permanently
escaped (Fig. 5), so ESCT is below 1000 in most cases, and
IFUS does not grow unboundedly.

First we examine how the parasitic model behaves with
diﬀerent length punishment constants clp = 0, 1, 10, 100, 1000.
As for all subsequent experiments, means of 20 runs with
population sizes of 1000 and running for 1000 generations are
reported. We set np = 10 for these experiments, so numbers
can be in {0, 1, ..., 9}. The maximal IFUS reached during
coevolution using the diﬀerent length punishment constants
is 261.4, 261.1, 260.9, 260.0, and 23.9, respectively. ESCT
is 1000 generations in all cases. This means that the parasite population can catch up with the host population in
all cases, and irreducible functional units of similar sizes are
produced as long as the costs of genes are not too high.
The growth of IFUS is linear and therefore unbounded in
typical runs (see Fig. 2). The mean ﬁtness of the two populations oscillates with high frequency, while the maximal
ﬁtness values only occasionally drop much below the maximally obtainable ﬁtness. So this is a fast arms race where
one population is never much behind the other. Experiments not reported in detail here indicate that moderate
changes in mutation rate change the speed of the arms race
and therefore the maximally obtainable IFUS, but do not
change the dynamics qualitatively. By looking at the host
diversity (see Fig. 3), it can be found that only the last
few positions in the sequence are variable, while the initial
positions converge rapidly. The reason for convergence is, of
course, that only a single value at any given position satisﬁes
the external constraints.
When the mutualist model is run with clp = 10, an IFUS
of 69.8 is reached on average. ESCT is 1000 generations in
all cases, but the dynamics of IFUS is diﬀerent in diﬀerent
runs: some experience intermediate breakdowns in complexity before recovery and renewed complexiﬁcation (see Fig.
4). When the commensal model is run with clp = 1, an
IFUS of 40.2 is reached on average. The symbiont population often cannot keep pace with the hosts, so IFUS breaks
down. Sometimes there is an immediate recovery, but if not,

3.2 Robustness of complexification for different mutation and selection methods
Mutations have been implemented such that new numbers are always added at the end of a sequence. The justiﬁcation for this is that the sequences represent not just the
genotype, but features of the phenotype in this model, and
it is certainly possible to conceive of genetic architectures
where mutations are more or less strongly constrained to
only add features without changing existing ones (on which
they may depend), or situations where all other mutations
are instantly removed by purifying selection. Nevertheless,
one might wonder what happens in the more general case
when numbers can be added anywhere in the sequence. In
principle this should produce many individuals with a disrupted sequence and zero ﬁtness, and make favorable mutations more rare. How does that aﬀect coevolutionary dynamics?
In the parasitic model, complexiﬁcation leads to average
genome lengths of 97.8 in the ﬁnal generation, and the symbionts remain competitive all the time. However, maximal
IFUS remains close to zero. This can be explained by the
eﬀects of mutations: about 50% of the individuals are mutated, which means that about 500 mutations are introduced into the population in every generation. These are
distributed randomly over the sequence length, so a host
sequence in a given generation that satisﬁes the external
constraints up to a position p < length in the genome leads
to many sequences in the next generation that satisfy the
constraints up to positions pi ≤ p, thereby providing a path
with many intermediate rewards towards the maximum for
the symbiont population. This also results in a measurable increase in host diversity (see Fig. 6). Examination
of the best individuals in the ﬁnal generation reveals that
evolution can maintain rather long correct initial sequences
despite high mutation pressure. By contrast, the commensal

Figure 5: Complexiﬁcation in 20 runs of the commensal model. IFUS frequently drops to zero, sometimes with immediate recovery, sometimes permanently.

model produces modest maximal IFUS (12.2), but permanent breakdowns occur in all runs, so complexiﬁcation is
bounded. The mutualist model reaches a maximal IFUS at
a chance level of 3.2 only, and ESCT is usually below 1000.
Complexiﬁcation does no longer occur in this model.
Because of the above considerations that mutations anywhere in the sequence would produce many dysfunctional
individuals, one might wonder whether a stronger type of
selection perhaps could ﬁlter out these individuals and make
all of the three models return to a complexifying dynamics.
We investigated the eﬀect of truncation selection (selecting
a fraction of the population with the best ﬁtness values,
and assigning an equal number of oﬀspring to each of them)
with a truncation threshold of 0.01, which corresponds to
selecting just 10 individuals from a population of 1000. The
dynamics in the parasitic model remains the same qualitatively.
However, compared with ﬁtness proportional selection,
truncation selection signiﬁcantly (p < 10−9 , t-test) increases
maximal IFUS to 45.6 on average in the commensal model,
though complexiﬁcation is still bounded (see Fig. 7). In the
mutualist model, truncation selection leads to complexiﬁcation with a maximal IFUS of 90.8 on average. Like before,
complexiﬁcation seems to be unbounded in principle, but
there are occasional breakdowns of complexity (see Fig. 8).

3.3 Effects of different constraints on the coevolving populations
So far, both populations have had search spaces with the
same diﬃculty, i.e., the ratio of viable choices to possible
choices of numbers has been the same for both populations.
Instead, we can also choose two diﬀerent numbers nc1 and
nc2 and set the range of possible numbers to [1, nc1 · nc2 ].
Previously, only a single number as speciﬁed by an external
constraint was valid at each position in the host genome.
For the experiments in this section, the host number n ∈
[1, nc1 · nc2 ] is divided by nc2 , and the result must then be
a single number. In other words, the host number must be

Figure 6: Host diversity for the parasitic model
when mutations are allowed anywhere in the sequence. Compare with Fig. 3.
in the correct bin out of nc1 bins. Similarly, the symbiont
and host numbers are divided by nc1 each, and the results
must be equal for a match. In other words, we require that
host and symbiont number are in the same out of nc2 bins
(see Fig. 9).
We examined complexiﬁcation for several diﬀerent constraint ratios using the parasitic model with clp = 10, truncation selection with a threshold of 0.01, and two populations of 1000 individuals each running for 1000 generations
(see Table 1). It can be seen that as the task of the symbionts
becomes easier relative to the task of the host, complexiﬁcation speed increases. However, complexiﬁcation is fastest
when the constraint ratios are exactly equal. This is remarkable given that even constraint ratios very close to equality
do not gain an advantage. Why this is so remains unclear.
Nevertheless, there is considerable robustness with respect
to the constraint ratio. However, breakdowns in complexity
often occur (see Fig. 10). When using ﬁtness proportional
selection instead of truncation selection, a bin size ratio of
100:100 yields maximal IFUS of 140.1 and no complexiﬁcation breakdowns in most of the runs, whereas only very
modest amounts of IFUS are produced with bin size ratios of
100:101 and 101:100 (16.2 and 18.3, respectively) and complexiﬁcation breaks down early in these conﬁgurations.

4. DISCUSSION
4.1 Irreducibility of functional units
These results demonstrate that irreducible functional units
can in principle arise by coevolution — even if the individual elements have costs. The matching sequences are irreducible because deleting or changing a single number from
one of these sequences in evolved individuals would make
the whole sequence dysfunctional with regards to their environment. Furthermore, these functional units are often so
complex that their emergence in direct evolutionary scenarios without intermediate rewards is practically impossible.
For example, the probability of a sequence of numbers between 0 and 9 and of length 260 that evolves in a typical

Figure 7: Complexiﬁcation in 20 runs of the commensal model with mutations allowed anywhere in
the sequence and truncation selection. IFUS eventually drops to zero in all runs because the symbionts
cannot keep pace with the hosts.
parasitic model to arise by pure chance is 10−260 . By contrast, a single run consists of only 106 evaluations here.
To make the competitive and mutualist task approximately
equally diﬃcult for the host and symbiont populations, it
has been necessary to constrain the solution space of the
host population. One might think that makes the tasks
equivalent to a simple evolutionary setup where a speciﬁed
sequence has to be evolved and intermediate rewards are
provided. But this is not the case for two reasons. Firstly,
the information about the target sequence is provided only
to the host population, but the sequence evolves in the parasite population as well. Secondly, the ﬁtness function for
the parasite population at any given time does not provide
intermediate rewards for most of the sequence, but only for
the latest additions to the sequence that have arisen in the
host population. There are intermediate rewards only if all
individuals that ever existed are taken into account (unless,
of course, mutation provides intermediate rewards in every
generations, as was the case in one of the models studied in
section 3.2).
Furthermore, while we have implemented a simple identity
function for matching between a host and a parasite, any
diﬀerent function would lead to the same results as long as
the constraint ratio remains unchanged.
However, one limitation of the model is that complexiﬁcation can only occur if the individual steps (in this case,
adding a single valid number to the end of the sequence) are
not too diﬃcult. As the results in section 3.3 show, the parasitic model still produces large irreducible functional units
if the range of possible numbers is extended to 100 or more,
but complexiﬁcation becomes less stable, and if the search
space is further enlarged, at some point the probability of
ﬁnding the next correct number by a mutation is too small
given the total number of evaluations. Where this point is
will certainly depend on the population size among other
factors. The abstract models introduced in this article can
of course not replace studies that examine whether basic as-

Figure 8: Complexiﬁcation in 20 runs of the mutualist model with mutations allowed anywhere in
the sequence and truncation selection. IFUS grows,
although with occasional breakdowns.
bin size ratio
100:100
100:101
100:102
100:105
100:110
100:120
100:150
100:200

IFUS
458.8
325.3 328.7
321.7 329.5
318.3 323.9
310.2 332.5
307.3 341.4
281.5 356.4
250.3 372.6

bin size ratio
100:100
101:100
102:100
105:100
110:100
120:100
150:100
200:100

Table 1: Maximal IFUS reached for diﬀerent constraint ratios in the parasitic model. Bin size ratios
are given as (symbiont bin size ratio) : (host size ratio). A larger bin size means less bins and therefore
makes the task easier for the respective population.

sumptions of the models regarding the nature of the search
space are met in particular biological systems. However,
they extend previous theoretical models of coevolution such
that studies on complexiﬁcation and irreducible functional
units become possible, and the time required for ﬁnding feasible genes can be taken into account.

4.2 Open-ended evolution
According to [1], evolutionary activity (EA) can be measured as follows: all components of the system (e.g., genes)
have an activity counter that is increased every time the
component is used. The diversity is then the number of
components with non-zero activity. The total cumulative
evolutionary activity (TCEA) is deﬁned as the sum of all
activity counts, and the mean cumulative evolutionary activity (MCEA) is deﬁned as TCEA divided by diversity. In
addition, two levels of activity are deﬁned such that the
ﬁrst level is close to chance activity level and the second is
slightly above it. All components with an activity in that
range are new to the system and have adaptive value, so the
sum of their activity divided by diversity is deﬁned as new

Figure 9: An example of how diﬀerent constraint
ratios can be achieved in number sequence tasks. A
new number can have nc1 · nc2 diﬀerent values. For
the host population, it must be in the correct one
out of nc1 = 5 bins. For the symbiont population,
host and symbiont numbers must be in the same
out of nc2 = 4 bins.

evolutionary activity (NEA). In order to determine chance
levels for a given model, a neutral shadow model is created.
It is like the original model with one exception: whenever
selection is applied in the original model, a random choice is
made in the neutral shadow. Using theses statistics, a system can be classiﬁed as exhibiting unbounded evolutionary
activity if its MCEA is unbounded and its NEA is positive
(meaning that the limit of its integral over time, divided
by time, is above zero). Modiﬁcations to these statistics
proposed later [4] include resetting the neutral shadow periodically such that its population becomes identical to the
population of the original model again, and using median
cumulative evolutionary activity instead of the mean.
We have not measured evolutionary activity in our models, nor have we performed neutral shadow runs. Nevertheless, we argue that our models exhibit unbounded evolutionary activity if we deﬁne the components as genes and their
usage as participation in a match. In the basic parasitic
model (as in a number of other models and conﬁgurations),
IFUS grows unboundedly. Because genes that participate in
a match are considered active components with regards to
EA statistics, that implies that the diversity of active components grows unboundedly. TCEA grows in an unbounded
way, too (because old genes that participate in a match continue to be used), as does mean and median cumulative evolutionary activity (because most genes that participate in a
match are old genes that continue to be used, so their activity counts keep increasing). Furthermore, NEA is positive
because the chains are elongated all the time and the genes
to be added at their ends will inevitably pass through the
range of activity that has been determined for measuring
NEA.
The neutral shadow run for our model can be performed
as a thought experiment. In the neutral shadow, matches
of longer sequences are extremely unlikely to occur because
parasites with many matches have the same probability of
survival as those with few matches. Therefore, component
usage will be much lower. Furthermore, used components
will be removed randomly over time due to deletions that
destroy the match but have no eﬀect in the neutral shadow.
All in all, evolutionary activity in the neutral shadow will

be much lower. The same applies even if the shadow is
periodically reset — degeneration of matching sequences will
inevitably occur, and elongation of sequences will drop to
chance level.
From the arguments in this section it can be concluded
that our coevolutionary models are simple (to our knowledge, the simplest described so far) examples of systems with
unbounded evolutionary activity. On the other hand, if we
had a direct evolutionary setup where a single population
was evolved to match an inﬁnite sequence and intermediate
rewards were provided, perhaps the same argument for unbounded evolutionary activity could be made. So perhaps
unbounded evolutionary activity, while providing a quantitative measure for evolutionary processes, is not the only
desirable quality of artiﬁcial evolutionary systems. Emergence of structures that are not completely reducible to environmental conditions is another desirable feature in many
cases. At least our mutualist model does have that feature,
too, because here the sequence does not depend on external constraints (the others can be argued to have it to some
degree if, as in section 3.3, constraints are relaxed).
Unlike the parasitic and mutual model, the commensal
model does not show potentially unbounded complexiﬁcation. A plausible explanation is that a ﬁtness gradient is
provided all the time to the host population in this model, so
the host population can continue complexiﬁcation very fast
even if there is a temporary breakdown in symbiont complexity, which leads to the symbionts permanently falling behind
the hosts. This problem could be ameliorated, but not completely eliminated, by slowing down evolutionary speed in
the host population.

4.3 Implications for research on coevolutionary algorithms
Research on evolutionary algorithms has greatly beneﬁted
from the widespread use of benchmark functions. We propose number sequence games as benchmarks for coevolutionary algorithms here. They can be used to obtain an
empirical understanding of how diﬀerent coevolutionary algorithms work, and how well they work in diﬀerent kinds of
situations. Once the properties of standard coevolutionary
algorithms are better understood they in turn can be used
to better understand the properties of diﬀerent coevolutionary problems, and in particular of coevolutionary robotics
problems, which are often too complex for direct analysis.
The results reported here provide some support for two
design heuristics for coevolutionary algorithms: First, asymmetric arms races in coevolution work best if the tasks diﬃculty for the symbionts is not much larger than for the hosts.
Therefore, it could sometimes pay to make the task more
diﬃcult for the hosts artiﬁcially to obtain a more balanced
coevolutionary dynamics and open-ended evolution. Second, while ﬁtness proportional selection will make the system reach game theoretic equilibria, other selection methods
seem to achieve more robust complexiﬁcation. The particular method used here, truncation selection, can be said to
take intraspeciﬁc competition into account to get from the
separately calculated ﬁtness potentials to the ﬁnal ﬁtness
values of individuals in the context of their population [12].
Truncation selection is known to eﬃciently reduce mutation
load [5]. Truncation selection can be approximated by other
models of selection, but may perhaps often be a plausible
model of natural selection in its own right. A more sys-

tematic investigation of the inﬂuence of diﬀerent selection
methods and their parameters on coevolutionary complexiﬁcation is one area of possible future studies.
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