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Biological Background

Genome is the entire DNA of a living organism
Gene is a segment of DNA that is involved e.g. in
producing a protein, and its orientation depends on the
DNA-strand that it lies on
Genome consists of chromosomes
Chromosomes are linear or circular
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Figure: Dobzhansky & Sturtevant, Genetics (1938)
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mate species, as well as population studies,
reveal dramatic quantitative and qualitative
differences in the distribution and organiza-
tion of these duplications (34–36). In light of
this, it is perhaps not surprising that con-
served synteny maps quickly deliquesce as
centromere and telomere positions are ap-
proached (Figs. 1 and 2). Indeed, some of the
“fragility” observed within human and mouse
synteny maps corresponds to these evolution-
arily dynamic areas of the genome.

These studies of human genome organi-
zation suggest frequent promiscuous non-
homologous exchanges during the course
of chromosomal evolution. Nonreciprocal
exchanges and duplications among subtelo-
meric regions appear to be widespread
among eukaroytes. Many ambiguities in the
mapping of orthologous yeast genes occur
specifically among expanding gene fami-
lies near the telomere (16 ). These areas
show radical changes in gene order, harbor
novel sequences, show extensive genomic
rearrangement, and are the preferential
sites of reciprocal translocations. Subtelo-
meric regions among Plasmodium parasites
reveal extensive sequence similarity among
nonhomologous chromosomes indicative of
frequent exchange (37, 38). In the case of
Plasmodium, these exchanges include large
multigene families (var, rif, and stevor) that
help the organism to escape host im-
mune response and to establish chronic ma-
larial infections.

Duplications: Engines of Gene and
Genome Evolution?
Duplication events have the potential to signif-
icantly alter genome structure and the tempo of
chromosomal evolution (35, 39). Two types of
duplications are distinguished by their mecha-
nism of origin: whole-genome and segmental
duplication. Whole-genome duplications are
cataclysmic genomic events that require the
formation of a tetraploid (4N) where all chro-
mosomal material is effectively duplicated. Af-
ter extensive chromosomal rearrangement and
deletion, the disomic state is gradually reestab-
lished with large blocks of conserved gene or-
der evident between nonhomologous chromo-
somes (40). In contrast, segmental duplication
involves the duplication of small portions of
chromosomal material either in tandem or
transposed to new locations within a genome.
Both types of duplications may complicate the
analysis of chromosomal evolution by obscur-
ing orthologous relationships and promoting
nonallelic homologous recombination.

Gene families produced as a consequence of
whole-genome duplication are expected to
show specific temporal and structural patterns,
characterized by a disproportionate number of
large paralogous segments that emerged at a
specific time point during evolution (39). Al-
though still controversial in their extent and

number (41), many analyses are consistent with
at least one whole-genome eukaryotic duplica-
tion occurring independently in several eukary-
otic lineages (42–45). To the extent that evi-
dence of paralogy for a sufficient number of
genes remains after genome duplication, algo-
rithms have been devised to reconstruct the
rearrangements that have affected the genome
since the tetraploidization event (46). Such
large-scale duplications have contributed sig-
nificantly to the expansion of eukaryotic pro-
teome content with estimates ranging from 15
to 50% for the number of genes that owe their
existence to these large, often ancient, duplica-
tions (42–44, 47).

Segmental duplications are most easily
recognized as tandem arrays of gene fami-
lies. A common feature of many of these
genes is their importance in the adaptive
evolution of the organism. Although the
mathematical problem of reconstructing the
history of overlapping tandem segmental
duplications has been extensively studied
(48), the analysis of their conserved syn-
teny has been problematic. These clusters
tend to create gaps in conserved synteny
between species because of extensive rear-
rangement, functional diversification, or
concerted evolution of gene family mem-
bers (49–51). For example, comparative

Fig. 1. Conserved synteny between human and mouse. Conserved synteny blocks from the mouse
genome (MGSCv. 3.0) are overlaid on human chromosomes (April 2003, assembly). All conserved
sytenic blocks �10 kb are shown. Heterochromatic regions (acrocentric arms and centromeres) are
colored purple and are not represented by actual sequence. Data were adapted from (61), mouse
synteny track.
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Conserved synteny between human and mouse:

Exchange of intra- and interchromosomal segments

during evolution → Genome rearrangements

Figure: Eichler & Sankoff, Science (2003)
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Rearrangement Operations

Inversions reverse the order and the orientation of a segment:
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Rearrangement Operations

Block interchanges exchange two segments:

Transpositions are block interchanges whose exchanged
segments are adjacent:
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Rearrangement Operations

Translocations exchange two chromosome ends:

or
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Rearrangement Operations

Fusions and fissions are translocations involving or creating
empty chromosomes:
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Genome Rearrangements

Genome rearrangements change the content andør the order
of genes of a genome:

inversions
transpositions
translocations
fusions and fissions
...

(Figure: Palmer & Herbon, 1988)

The number of rearrangements needed to transform one
genome into another is a measure for the evolutionary distance
between two species
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Genomic Distances

Definition
Distance d(A, B): minimum number of operations needed to
transform genome A into genome B

1 What kind of genome model?
Unichromosomal vs. multichromosomal genomes

Linear vs. circular chromosomes

Linearly ordered vs. partially ordered chromosomes

Duplicates, gene families

2 Which set of operations?
Only single operation

Weights

Bergeron, Mixtacki, and Stoye DCJ and genome rearrangements PICB Spring School 2007



15

Outline Introduction DCJ Operation Related distances Biological Background Genomic Distances

Historical Overview

Inversions-only: Sankoff (1992), Bafna & Pevzner (1993), Hannenhalli &

Pevzner (1995), Kaplan et al. (1999), Bader et al. (2001), Bergeron et al. (2004)

Translocations-only: Hannenhalli (1996), Bergeron et al. (2005)

Inversions, translocations, fusions & fissions: Hannenhalli & Pevzner

(1995), Tesler (2002), Ozery-Flato & Shamir (2003)

Block interchanges: Christie (1996)

Transpositions: Bafna & Pevzner (1998), Hartman (2003), Labarre (2005)

Weighted inversions, transpositions & inverted transpositions:
Bader & Ohlebusch (2006)

Inversions, translocations, fusions, fissions &
block-interchanges: Yancopoulos et al. (2005), Bergeron et al. (2006)
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Let G be a graph where each vertex has degree one or two.

Definitions:
A vertex of degree one is called external and a vertex of
degree two internal
An internal vertex connecting edges p and q is also
denoted by {p, q} and an external vertex incident to an
edge p by {p}
Cycle is a circular component and a path is a linear
component
A cycle or path is even if it has an even number of edges,
otherwise it is odd

t t t t tt t t t t
Bergeron, Mixtacki, and Stoye DCJ and genome rearrangements PICB Spring School 2007
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Definition

The DCJ operation acts on two vertices u and v of a graph with vertices of
degree one or two in one of the following three ways:

(a) If both u = {p, q} and v = {r , s} are internal vertices, these are
replaced by the two vertices {p, r} and {s, q} or by the two vertices
{p, s} and {q, r}.

(b) If u = {p, q} is internal and v = {r} is external, these are replaced by
{p, r} and {q} or by {q, r} and {p}.

(c) If both u = {q} and v = {r} are external, these are replaced by {q, r}.

In addition, as an inverse of case (iii), a single internal vertex {q, r} can be
replaced by two external vertices {q} and {r}.
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Global Effects on the Graph

(1) DCJ operation applied on 1 or 2 paths:
Path translocation
Path fusion or path fission
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Global Effects on the Graph

(2) DCJ applied on 1 path, or 1 path and 1 cycle:
Inversions
Excisions or integrations
Circularizations or linearizations
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Global Effects on the Graph

(3) DCJ operation applied on 1 or 2 cycles:
Inversions
Cycle fusions or cycles fissions
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Lemma
The application of a single DCJ operation changes the number
of circular or linear components by at most one.
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Global Effects on the Graph
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Genome Graph

A gene a is an oriented sequence of DNA that starts with a
tail at and ends with a head ah

Head and tail are called the extremities of a gene
An adjacency of two consecutive genes a and b,
depending on their respective orientation, can be of four
different types:

{ah, bt}, {ah, bh}, {at , bt}, {at , bh}

An extremity that is not adjacent to any other gene is called
a telomere, represented by a singleton set {ah} or {at}

Bergeron, Mixtacki, and Stoye DCJ and genome rearrangements PICB Spring School 2007
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Definition
A genome is a set of adjacencies and telomeres such that the
tail or the head of any gene appears in exactly one adjancency
or telomere.

A = {{at}, {ah, ct}, {ch, dh}, {dt}, {bh, et}, {eh, bt}, {ft}, {fh, gt}, {gh}}

Definition
Genome graph: Given a genome, one reconstructs its
chromosomes by representing the telomeres and adjacencies
as vertices and joining for each gene its tail and its head by an
edge.

t t t t tt t t tat ah ct ch dtdh
bt

bh et

eh
ft fh gt gh
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Observation
The genome graph is a graph with vertices of degree 1 or 2.

A = {{at}, {ah, ct}, {ch, dh}, {dt}, {bh, et}, {eh, bt}, {ft}, {fh, gt}, {gh}}
B = {{ah, bt}, {bh, at}, {ct}, {ch, dt}, {dh}, {et}, {eh}, {fh, gt}, {gh, ft}}

The DCJ Distance Problem
Given two genomes A and B, find a shortest sequence of DCJ
operations that transforms A into B. The length of such a
sequence is called the DCJ distance between A and B,
denoted by dDCJ(A, B).

Bergeron, Mixtacki, and Stoye DCJ and genome rearrangements PICB Spring School 2007
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Adjacency Graph

Definition
The adjacency graph AG(A, B) is a bipartite multi-graph whose
set of vertices are the adjacencies and telomeres of A and B.
For each u ∈ A and v ∈ B there are |u ∩ v | edges between u
and v .

A
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Lemma
Let A and B be two genomes defined on the same set of N
genes, then we have

A = B if and only if N = C + I/2

where C is the number of cycles and I the number of odd paths
in AG(A, B).

s s s s s s s s sat ahct chdh dt bteh etbh ft fh gt gh

s s s s s s s s s
at ahct chdh dt bteh etbh ft fh gt gh
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Lemma
The application of a single DCJ operation changes the number
of odd paths in the adjacency graph by –2, 0, or 2.
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Lemma
Let A and B be two genomes defined on the same set of N
genes, then we have

dDCJ(A, B) ≥ N − (C + I/2)

where C is the number of cycles and I the number of odd paths
in AG(A, B).
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Sorting by DCJ Operations

1. Generate the adjacencies of B that are not yet present in A
Any pair of edges in the adjacency graph that connect two
different vertices of genome A with an adjacency {p, q} in
genome B can be transformed by a single DCJ operation into a
cycle of length two, plus the remaining structure, reduced by
the two edges → C increases by one!

s s s s
s s s s s sS
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Sorting by DCJ Operations

2. Generate the telomeres of B that are not yet present in A
All adjacencies of genome B are contained in cycles of length
two. There might still be pairs of telomeres of B that form an
adjacency in A. These adjacencies can be split into two
telomeres, thus creating two odd paths of length one each
→ I increases by two!
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Algorithm for sorting by DCJ operations

1: Let AG(A, B) be the adjacency graph of A and B

{Generate the adjacencies of B that are not yet present in A}
2: for each adjacency {p, q} in genome B do
3: let u be the vertex of A that contains p
4: let v be the vertex of A that contains q
5: if u 6= v then
6: replace vertices u and v in A by {p, q} and (u \ {p}) ∪ (v \ {q})
7: end if
8: end for

{Generate the telomeres of B that are not yet present in A}
9: for each telomere {p} in B do
10: let u be the vertex of A that contains p
11: if u is an adjacency then
12: replace vertex u in A by {p} and (u \ {p})
13: end if
14: end for

Bergeron, Mixtacki, and Stoye DCJ and genome rearrangements PICB Spring School 2007
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The DCJ Distance

Theorem (Bergeron, Mixtacki and Stoye 2006)
Let A and B be two genomes defined on the same set of N
genes, then we have

dDCJ(A, B) = N − (C + I/2)

where C is the number of cycles and I the number of odd paths
in AG(A, B). An optimal sorting sequence can be found in
optimal O(|A|+ |B|) time.
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The Inversion Distance Problem
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The Inversion Distance Problem
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The Inversion Distance Problem

Uni-chromosomal genomes with the same gene content:

Gene is represented by a signed integer between 1 and N
Orientation of a gene is represented by the sign

P = (0 1 5 -4 3 2 6 7)

t t t t t t t1t 1h 5t 5h 4h 4t 3t 3h2t 2h 6h 6t
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The Inversion Distance Problem

Inversion changes the order and the signs of an interval of
genes:

P = (0 1 5 -4 3 2 6 7)t t t t t t t1t 1h 5t 5h 4h 4t 3t 3h2t 2h 6h 6t

t t t t t t t1t 1h 3h 3t 4t 4h 5h 5t 2t 2h 6h 6t

P’ = (0 1 -3 4 -5 2 6 7)

Bergeron, Mixtacki, and Stoye DCJ and genome rearrangements PICB Spring School 2007
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The Inversion Distance Problem

Inversion changes the order and the signs of an interval of
genes:

P = (0 1 5 -4 3 2 6 7)

P’ = (0 1 -3 4 -5 2 6 7)
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Problem: How many inversions do we need to transform one
genome into the other?

P = (0 1 5 −4 3 2 −6 7)

(0 1 5 −4 3 2 6 7)

(0 1 −5 −4 3 2 6 7)

(0 1 −2 −3 4 5 6 7)

(0 1 2 −3 4 5 6 7)

Id = (0 1 2 3 4 5 6 7)

Definition
Inversion distance dInv (P): minimum number of inversions
needed to transform P into the identity permutation

Bergeron, Mixtacki, and Stoye DCJ and genome rearrangements PICB Spring School 2007
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Theorem (Hannenhalli and Pevzner 1995)
For a signed permutation P

dInv (P) = N − C − 1 + h + f

where C is the number of cycles, h the number of hurdles, and f = 1 if P has a

fortress, and f = 0 otherwise.

Summary of our Results (Bergeron, Mixtacki and Stoye 2004)
If a signed permutation P on the set {0, . . . , N − 1} has C cycles and the

associated tree TP has minimal cost t , then

dInv (P) = N − C − 1 + t
= dDCJ + t

q a q
q a a

�
��

H
HH

�� ZZ

Yields a simple linear-time algorithm to compute the inversion distance.
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The Translocation Distance Problem

'

&

$

%

'
&

$
%

ttp q

r s

'
&

$
%

ttp r

s q

'
&

$
%

ttp s

q r

-�

A
AUA

AK �
���
��

Bergeron, Mixtacki, and Stoye DCJ and genome rearrangements PICB Spring School 2007



43

Outline Introduction DCJ Operation Related distances Inversion Distance Translocation Distance

The Translocation Distance Problem

Multi-chromosomal genomes with the same gene content and
number of chromosomes:

A = {(4 3), (1 2 -7 5), (6 -8 9)}

Internal translocation exchanges two non-empty chromosome
ends:

A = {(4 3), (1 2 -7 5), (6 -8 9)}

A′ = {(4 -7 5), (1 2 3), (6 -8 9)}

Bergeron, Mixtacki, and Stoye DCJ and genome rearrangements PICB Spring School 2007
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Problem: How many internal translocations do we need to
transform one genome into the other?

A = {(4 3), (1 2 -7 5), (6 -8 9)}

{(4 -7 5), (1 2 3), (-9 8 -6)}

{(4 -7 -6),(1 2 3), (-5 -8 9)}

{(-9 -4),(1 2 3), (-5 -8 -7 -6)}

B = {( 1 2 3), ( 4 5), (6 7 8 9)}

Definition
Translocation distance d(A): minimum number of translocations
needed to transform A into the identity permutation split in
chromosomes sharing the ends of A
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Theorem (Hannenhalli 1996)
For a genome A with chr chromosomes and N genes

dTrans(A) = N − C − chr + s + o + 2i

where C is the number of cycles, s the number of minimal subpermutations, o = 1 if the number of minimal

subpermutations is odd and o = 0 otherwise, and i = 1 if P has an even-isolation and i = 0 otherwise.

Summary of our Results (Bergeron, Mixtacki and Stoye 2005)

Let A be a genome with C cycles and whose forest FA has L leaves and T trees.

Then

dTrans(A) = N − C − chr + t
= dDCJ + t

where

t =

8<: L + 2 if L is even and T = 1
L + 1 if L is odd
L if L is even and T 6= 1.

First correct algorithm for sorting by translocations.
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Summary

Representation of genomes containing linear and circular
chromosomes

All classical operations are modeled by DCJ

Simple DCJ distance formula

Linear-time algorithm for sorting by DCJ operations

Relation to other well-studied models:

d(A, B) = dDCJ(A, B) + t

where t represents the additional cost of not resorting to
DCJ operations.
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Global Picture on Genome Rearrangement Models
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Thanks to:

Julia Mixtacki (Bielefeld)

Anne Bergeron (Montreal)

... and you for your attention!!!

Questions?
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